
Part B
In this part choose one answer from the list provided. You do not need to provide a solution or
justification.
Estimated time required: 20 min.

Problem 6 (2P). The set S := {(x, y, z) ∈ R2 | z4 = x4 + y4 }. . .

[ ] is a smooth surface.
[ ] is not a smooth surface, since S is disconnected.
[ ] is not a smooth surface, since S is not homeomorphic to R2.
[ x ] is not a smooth surface, since S is not locally homeomorphic to R2.

Problem 7 (2P). The map f : R2 → R2, f(x, y) =
(
x2 − y2, 2xy

)
is. . .

[ ] a diffeomorphism.
[ ] a local diffeomorphism at each point.
[ x ] a local diffeomorphism at each point except the origin.
[ ] none of the above.

Problem 8 (2P). Let f : S1 → S2 be a smooth surjective map between two smooth surfaces. If it
is only known that dpf is injective at each point p ∈ S1, then f must be. . .

[ ] a diffeomorphism.
[ x ] a local diffeomorphism.
[ ] injective.
[ ] none of the above.

Problem 9 (2P). Chose a correct statement from the following list:. . .

[ ] Each smooth surface in R3 is orientable.
[ x ] Each smooth compact surface in R3 is orientable.
[ ] If a smooth surface S ⊂ R3 is orientable, then S is compact.
[ ] If S is non-orientable, then a unit normal field may still exist on S.

Problem 10 (2P). For an arbitrary smooth function f on a smooth surface S the following holds:

[ ] If p ∈ supp f , then f(p) 6= 0.
[ ] If p /∈ supp f , then f(p) 6= 0.
[ x ] If p /∈ supp f , then f(p) = 0.
[ ] None of the above applies.
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⑰
#PH=(1, 1, 1). Hence, (x,y,zICS is a

critical pt of hit and only if 51cR

S.t.

UH = x0Y

where Y(x,y,z) ='x
"
+ y"-4-1. Thus,

2xx = 1
x+ nS 2xy = 1 = x =cx,y =z,z =-

-2xz = 1

(x,y,z)cS =3 x + -
=1 =3

x = 11. Hence, he has a critical pts, namely

P1 = (1,1, -1) and P2 =( - 1, -1,1).

*i sou1

Let v:(- 3,2) -- 5 -U(t) = (X(t),y(t),z(t))
be a curve such that

U(0) =Pr x(0) =1,y(0) =1,z(0) = - 1.
(F)

v(0) =v x(0) =V,y(0) =v,z(0) =V3

U(t(c S Vt = x(+" + yH = z(t)
"

+ 1 Ot

=>xx + yj - zz =0 (A)

In particular, for two we have

V, +V+ Vz =0 (**)



Hessp, h(V =cM(hoU(t)) = st1
=

(XI) + y(t) + z(t)

- x(x) + y(0) + E(0)

d(x): xx + yy - zz + x + y - z =0

t=0

=>((0) + jj(x) + z(x) =z(0) - x(0) - y(0)-
=v-v- v

#(v +y)- - v - v
= 2V,Vz

Hence, Hess, he takes both positive and negative
values =>P, is a saddle pt (neither loc.max
nor loc. minimum).
The other crit.pt can be handled in a similar

manner.

sationthe following parametrization of 5:

Y(x,y): =(x,y,-1),
where (x,y)cV =3(x,y)=RYx+y) 13.
Notice that x(((l) =P1.



We have ⑤

hoY(x,y) =Ho4(x,y) =x+

y -MyT

box =-y = -*F
= = -

h4 =- ozy, = i,yyin =cz1

404=
O I

Hence, Hess
(1)
(hox) = C

1 O C
=>(1.1) is a saddle pt of hot

=) (1, 1, -1) is a saddle pt of h

One can determine the type of pc by considering
the parametrization

Y(x,y) =(x,y,y).



* S =f(x) =g-(t) ⑭

OpeS Of(p), Og(p)c TSt, dimTS=1.

*g(p) +0 => 7x =x(p)eR st. Of(p) = x()8g(p)

Pick pe 5. Since Ug(p) to, without loss of

generality we can assume (p) t0

-9-E.
·(q) =

x(q)%8(9)rSambhdoto St.Sales
x(q) = x(9,9ET are smooth four on Sas

restrictions of smooth fins.

Moreover, if does not vanish on E, hence & is

smooth on 0: Since smoothness is a local property,
x is smooth everywhere on 5.

#See P.20 of Part 4 of the lecture notes

(Step 1 - Step 2),

#Let 4: F -> Uc S be a parametrization
of S st. Pet. Assume 4(0) =

p.
then O is a critical pt of F: = f04.

Moreover, for any smooth curve 8: (-9,9) + R3

s.t. B(0) =0 we have

i
=
Fop(t) =HesSoF(p))



⑤
Denoting J = No, we obtain

*(F-p(t)) =ai+
=-

(foU(t)) =Hes,f(j()

Furthermore, U( = 0.4(B()) to provided
B(o) to since Pot is injective. Hence,

test is positive-def. -Hess. F is positive - definite

=>O is a pt of loc. minimum for F

=>p is a pt of loc. min. For 7.

1 Since S is compact, FRT0 St.

S c Bp(0) = the open ball of radius & centered
at the origin.

Pick a non-zero vector win RP, for example
w = (1,0,0). By the compactness of 5, 7TC0
such that

· ScBp(tw) V + c(0,T)

·Sn6Bx(Tw) +0.
a

↑ick
any p-SrdBk(a) .

Let V:(-9, 3) -> S be any curve s.t.U(x) = p.

By construction, U(0) = p
and Ult c Bala),

that is the function + -> DUH) -all

has a loc. maximum at t = 0. Hence,



At(t
=
0(v() - a,V(t) - c)

⑤

=(v(0),p -a)+ (p -a,v(x) =2(j(),p -a) =0

-> TSc TpS)
&Br(a)

Since dim TpS =2 = dim TS(a), we have

↓

TS =T,S(a) = (p - a)

Moreover, if j(0) =V, then

d=(VH1 - a,v(t) - a) =2(j(0),p - a) + 2<j(),y())

=>2(j), p-as + 2 (V1 <0 (x)

Devote M: = tal, which is a unit normal vector

both to S and Ska) at p.
Let In be the height for on 5 in the
direction of . Then

Hessphn(x) =a
+ -
-(VH),u) =(j),u)

I
(A)

- I(V) I -a IVE

=) Each eigenvalue of the Gauss map at
p

is iFal >K(p) > pap > 0.


