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Chapter 1

Smooth surfaces

1.1 The notion of a smooth surface

Let U C R™ be an open subset and f € C' (U). It is known from analysis that 2o € U is a point
of extremum for f if

af
=0
a.flli ($0)
holds for all 7 = 1,...,n. Notice that this is a necessary condition, which is not sufficient in

general.

A more general type of problems does not fit into this scheme. For example, consider the
following.

Problem. Among all rectangular parallelepipeds, whose diagonal has a fixed length, say 1,
find the one with maximal volume.

Figure 1.1: A parallelepiped

Thus, we want to find a point of maximum of the function f (x,y, z) = zyz on the set
V={(z,y,2) €ER*|z >0,y >0,2>0 and 2> +y*+2z*=1}C 5> (1.1)

However, V is not an open subset of R? so that the receipy known from the analysis course is
not readily applicable.
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Figure 1.2: The spherical triangle z,y, z > 0

This problem is relatively easy to solve, however. Indeed, since z > 0, we obtain z =
\/1 — 22 — y? so that we are essentially interested in the function

F<x>y)::f($ay7v1—$2—y2)=Iy 1—$2—y2.

More precisely, we want to find points of maximum of F on the set {(z,y) |2? + y* < 1,z >
0,y > 0}, which is an open subset of R?.

We compute
OF x _0

it Y/ T R ——
o Y oY w0
v (1.2)

OF
—:x\/1—$2—y2—:py+:0,
dy V1—a2?2 —y?

Since = # 0 and y # 0, we have

2

1—a? —y? =2a?

(12) = = =y = x=y

1— 22—y =42

— =1 = =9y =

Hence, if there is a parallelepiped maximizing the volume among all rectangular parallelepipeds
with the given length of the diagonal, this must be the cube.

Exercise 1.3. Show that <¢i§, \/%, \%) is a point of maximum indeed.

Consider a more general problem of constrained maximum/minimum. Given f, ¢ € C*° (R")
find a point of maximum/minimum of f on the set

S={zxeR" | ¢(x)=0}
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Proposition 1.4. Assume that for p € S we have

dp
aa. ) #0. (1.5)

Then there is a neighbourhood W of p in R", an open subset V. C R"Y, and a smooth function
¥: V = R such that for x = (y,z) € R"! x R we have

reSNW = yeV and z=1(y).

This is a celebrated implicit function theorem, whose proof was given in the analysis course.

Theorem 1.6. Let p € S be a point of (local) maximum of f on S. If (1.5) holds, then there
exists some \ € R such that

of

dz;

(p)ZA% (r) <= V[ =AVe(p) (1.7)

holds for each 7 =1,... n.

Proof. Let p = (yo, 20) be a local maximum for f on S. Hence, y is a local maximum for the
function

F:V =R, F(y) = f(y,¢ )

This yields
oF . Of of oy,
_-(yO)_a_%(p)+8_%(p)8_%(y°) =0

forall j <n —1.
Furthermore, since ¢ (y, 1 (y)) = 0, we have

0, e 0w _

dy; O, Oy;
This yields in turn
oY _ 0p Op of [ Of Op Oy
Thus, (1.7) holds for all j < n — 1 with A := % (p)/gc—"; (p) independent of ;.
For 7 = n we have
of . [ Of Dy Op + _\ 0p
)= (52055 0) - 52 0 =g o).
Thus, (1.7) holds also for j = n with the same \. O

Let us come back to the example about maximal value of parallelepipeds with a fixed length
of the diagonal. Thus, if (z,y, z) is a point of maximum of f on (1.1), then there exists A € R
such that

yz =2 \x
xz = 2\y = (zyz)? = 8N\Pzyz — ryz = 8\3
xy = 2z
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This yields in turn
8N = zyz = x(yz) = 2\,

Notice that A # 0, since otherwise x = 0 or y = 0 or z = 0. Hence, we obtain x = 2\.
A similar argument yields also y = 2\ and z = 2. Therefore we obtain

which is in agreement with our previous computation.
Coming back to Proposition 1.4, it is clear that it is only important that one of the partial
derivatives of ¢ does not vanish. This leads to the following definition.

Definition 1.8 (Surface). A non-empty set S C R? is called a (smooth) surface, if for any p € S
there exists an open set V C R? and a smooth map ¢ : V — R3 such that the following holds:

(i) ¢ (V) =: U is a neighbourhood of p in S; in particular, (V) C S.
(i1) ©: V — U is a homeomorphism.
(iii) D, : R* — R? is injective Vg € V.

Example 1.9. Assume ¢ € C™ (R?) satisfies

0
a—¢ (p) #0 forall peS:=¢ '(0).
z
Let ¢ be as in Proposition 1.28. Define ¥ (z,y) = (z,y,% (x,y)). If U and V are also as in
Proposition 1.28, then ¥: V — SN U is a homeomorphism, since 7: SNU — V7 (z,y,2) =
(x,y) is a continuous inverse. Furthermore,

1 0
D¥=1|0 1
A Oy

is clearly injective at all points. Hence, S is a surface.
Again, the same conclusion holds if we assume only that Vi (p) # 0 for all p € ¢=1(0). In
particular,

e the sphere S% = {22 + %> + 22 = 1}

e the cylinder C' = {(z,y, 2) |2* +y* = 1}

e the hyperboloid H = {22 + ¢y* — 2% = 1}
are surfaces

Example 1.10 (Torus). Let C' be the circle of radius r in the yz-plane centered at the point
(0,a,0) as shown on Fig. 1.4, where a > 7.

More formally,
T := {(\/yc2 +y? — a)2 + 22 = r2}.
Exercise 1.11. Check that 7T is a surface indeed.
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Figure 1.3: The cylinder and hyperboloid

/// /_\ >7"0tat€
e . Y
.

Figure 1.4: The torus as a circle rotated with respect to an axis

Example 1.12 (A non-example). The double cone Cy == {z? + y? — 2% = 0} is not a surface.
Indeed, assume C)) is a surface. Then the tip of the cone p must have a neighbourhood U
homeomorphic to an open disc in R2.

Let f: U — D be ahomeomorphism. Then f: U\{p} — D\{f (p)} is also a homeomorphism.
However, this is impossible, since the punctured disc is connected but U\{p} is disconnected.
Hence, p does not have a neighbourhood homeomorphic to a disc (or any open subset of R?).
Exercise 1.13. Show that a straight line is not a surface.

Remark 1.14.

1) The map v in the definition of the surface is called a parametrization.

2) Condition (iii) is equivalent to the following:
0,4 and 0,1 are linearly independent
at each point (u,v) € V.

Proposition 1.15. Let S be a surface. For any p € S there exists a neighbourhood W C R3
and o € C* (W) such that

SNW ={zeW|p(x)=0} and Ve(x) #0
foranyx € SNW.
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=

Figure 1.5: The torus

Figure 1.6: The double cone

Proof. Choose a parametrization ¢: V. — U C S. Let (ug, vo) € V be a unique point such that
¥ (ug, v9) = p. Choose a vector n € R3 such that

Out (uo,v0),  Outh (uo,v0), m (1.16)
are linearly independent. Consider the map
U: VxR R? U (u,v,w) =19 (u,v) +w-n

The linear independence of (1.16) yields det DW (ug, v, 0) # 0. By the inverse map theorem,
there exists an open neighbourhood W C R3 of p and a smooth map ®: W — V x R C R?
such that

Vod (z)=ux VoeW.

If & = (1, @2, ¢3), then
Vo (x) =9 (p1(r), 02 (7)) +p3(x) - n=u
Observe that
reSNW = 3 (u,v) € V such that i) (u,v) =z
and consequently
W (u,0,0) =4 (u,0) = 2 =V (p1 (), 92 (), 3 (2)) -
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Since W is injective (on an open neighbourhood of (ug, vg, 0)), we have
reSNW = w3 (x) = 0.

Furthermore, since det D® (x) # 0 for all x € W, the vectors Vo, (z), Vs (z), Vs (x) are
linearly independent at each 2z € W. In particular, V3 (z) # 0 for all x € . U

The following corollary follows immediately from Proposition 1.15.
Corollary 1.17. Any surface is locally the graph of a smooth function. 0

Example 1.18 (A non-example). The union of two intersecting planes in R? is not a surface.
Indeed, assume that
S={z=0}U{z=0}

is a surface. Then there exists a smooth function ¢ defined in a neighbourhood W of the
origin such that ¢ vanishes on S and V(0) # 0 by Proposition 1.15. Notice that ¢ vanishes
identically along S, hence ¢ vanishes identically along all three coordinate axes (at least in a
neighbourhood of the origin). This yields in turn V¢ (0) = 0, which is a contradiction.

Exercise 1.19. Show that the cone C := {2? + 3*> — 22 = 0, 2z > 0} is not a smooth surface,
cf. Example 1.12 above.

1.2 The change of coordinates maps

Neither parametrizations, nor local functions as in the Proposition 1.15 are unique. Our next
goal is to understand a relation between different parametrizations.
Thus, let
2/}12V1—>U1CS and Qﬂg ZV2—>U2CS

be two parametrizations such that U; N U, # 0. Since both ¢, and )5 are homeomorphisms,
we have a well-defined continuous map

P91 == 1/1;1 ot Vig — Vo

which is called "a transition map" or "a change of coordinates map".
Notice that 15, is a map R? — R? defined on an open subset. Therefore, transition maps
can be studied by the tools familiar from the analysis course.

Example 1.20. Consider the sphere S?, which can be covered by the images of two parametrizations
as follows. The inverse of the steregraphic projection from the north pole N is given by

1
(u,v) — Yy (u,v) = Ty (2u,2v, =1 4 u* 4+ v?)

This is a homeomorphism viewed as a map R* — S?\{N} and is clearly smooth.
Exercise 1.21. Show that D1y is injective at each point.

Thus, ¢y is a parametrization (at each point p € S*\{N}). Of course, we have also the
inverse g of the stereographic projection from the south pole S. The images of these two
parametrizations cover together the whole sphere S2. A straightforward computation shows
that the change of coordinates map gy = 15" ° by : R?\{0} — R?*\{0} is given by

¢SN (U,U) = (U,U)

u? + 0?2
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Vi

Vi =7 (U NUy) Uyt (U NUy) = Vy

Figure 1.7: The transition map

Exercise 1.22. Show that the sphere can not be covered by the image of a single parametrization.

Theorem 1.23. Let S be a surface. For any two parametrizations v and vy as above, the
change of coordinates map )15 is smooth.

Proof. Since smoothness is a local property, it suffices to show that for all (ug,vy) € V12 there
exists a neighbourhood Vy C V5 such that 15, |VO is smooth.

Thus, set pg = 1 (uo, vo). For this py and ) construct a smooth map $5: W — Vo x R
as in the proof of the Proposition 1.15. Recall that

qDZ‘SﬂW: SQWHVQX{O}:VQ

—1
equals v, .

The map @5 0y : 17 (SN W) — Vs, is clearly smooth as a composition of smooth maps.
Set Vo := Vip Nt (SN ). Since the image of ¢, lies in S, we obtain that

P, °¢1‘V0 =y ! O%‘Vo = @/)21‘\,0

is smooth. ]

1.3 Smooth functions on surfaces

Definition 1.24. Let S be a surface. A function f: S — R is said to be smooth, if for any
parametrization ¢ : V — U the composition

Fi=foyp: V—R
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Figure 1.8: The inverse of the stereographic projection

is smooth. The function F' := f o 1) is called a local (coordinate) representation of f.

Remark 1.25. Theorem 1.23 imples that if f o 7); is smooth, then f o v is also smooth on
Vo1 = 15 " (U; NUy). Indeed,

f°¢2:f°¢1°(¢f1°¢2) = (fotn) ot

foty and 15 are smooth. Hence, if (V;, ¢;) is a collection of parametrizations such that ; (V;)
covers all of S, it suffices to check that f o ); is smooth for all 7.

Example 1.26. Let h: R?> — R be an arbitrary smooth function. Define f: S — R as the
restriction of A. Then f is smooth, since for any parametrization 1) we have f o1 = h o and
the right hand side is clearly smooth.

For example, for any fixed a € R? the height function

fa () = (a,z) resS

is a smooth function on S. In particular, set S = S? and h (z,y,2) = 2. Then the coordinate
representation of f = h‘ 52 With respect to ¢y is

—1+u?®+?

F(u,v) = fothy (u,v) = T+ w2+ 02

This can be seen as a sanity check: This function is smooth indeed.

Example 1.27. Letvy: V — U be a parametrization of a surface S. Since 1) is a homeomorphism,
we have the inverse map

=41 U—V,

Since U itself is a surface (with a single parametrization 1), it makes sense to ask if ¢ viewed
as amap U — R? is smooth, which means by definition that both components of ¢ are smooth
functions. This is the case indeed, since the local representation of ¢ is nothing else but o) =
id, which is surely smooth. Any such pair (U, ) is called a chart on S.
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Proposition 1.28. Let S be a surface. Then the set C* (S) of all smooth functions on S is a
vector space, that is

fz;i B o atugec=(s).

In fact, we also have
frgeC*(5) = [f-9e€C7(9),

where [ - g is the product-function p — f(p) - g(p).

Proof. We prove the last statement only, while the first one is left as an exercise to the reader.

If ¢p: U — V is a parametrization, then (f - g) o) = (f o)) - (go ). Since (f o)) € C* (V)

and (g o)) € C* (V), the function (f - g) o ¢ is smooth as the product of smooth functions of
two variables. O

Let W C R" be an open set.

Definition 1.29. A continuous map f: W — S, where S is a surface, is called smooth, if for
any parametrization ¢: V — U C S the map

pof=yv" o f: f1(U) — VCR
is smooth.

In the above definition we require that f is continuous to ensure that f~!(U) is an open
subset so that it makes sense to talk about smoothness of the coordinate representation ¢ o

e B

Figure 1.9: A map into a surface and its coordinate representation

Proposition 1.30. f: W — S is smooth if and only if f is smooth as a map W — R3. More
formally, this means the following: If 1: S — R? denotes the natural inclusion map, then

feCc>(Ww:;s) = Lo f € C® (W;R?)
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Proof. Pick a parametrization 1) of S and construct a smooth map ®: X — R3 just as in the
proof of Proposition 1.15, where X C R? is an open set. Assume f: W — R3? is smooth. Then
® o f is also smooth as the composition of smooth maps. However, since f takes values in S
and ®|g = ¢ = ™!, we obtain that p o f = ® o f: R? — R? is smooth.

Conversely, assume that f: W — S is smooth. Then

f|f_1(U) = (w 0(10) © f‘f_l(U) = ¢° (Spofﬂf—l(U)
is again smooth as the composition of smooth maps. UJ

The following class of maps will be particularly important in the sequel.

Definition 1.31. Let / C R be an (open) interval. A smooth map y: I — S is called a smooth
curve on S.
If 0 € I, we say that +y is a smooth curve through p := 7 (0) € S.

Figure 1.10: A smooth curve on a surface

Example 1.32. Let p € S? and v € R3 such that (p,v) = 0 and ||v|| = 1. Define v,: R — R?
by 7, (t) = (cost) - p+ (sint) - v. Since
|70 () ||* = {cost - p+sintv,costp+sint - v)
= cos’t - ||p||* + 0 +sin®¢t - [jv]|?
= cos’t +sin’t =1,
we obtain that v, : R — S? is a smooth curve through p. Of course, the image of v, is a great

circle on S2.
Even more generally, we can define smooth maps between surfaces as follows.

Definition 1.33. Let S; and S, be two surfaces. A continuous map f: S; — S5 is said to be
smooth, if for any parametrizations ¢): V— U C Sy and x: W — X C S5 the map

X e fori T (fTN(X) — W (1.34)

1s smooth. Just like in the case of functions, (1.34) is called the coordinate (or local) representation
of f.

Remark 1.35. Since parametrizations and charts contain the same amount of information, we
can also define smoothness of a map f: S; — Ss in terms of charts as follows: f is smooth if
and only if for any chart (U, ) on S; and any chart (X, £) on S, the map

Eofop iR — R?
is smooth (on an open subset where defined). The map £ o f o ¢! is also called a coordinate

representation of f (with respect to charts (U, ) and (X ¢)).
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—

S
L
fl(X)
X
X tofer
— T

Figure 1.11: A smooth map between surfaces and its coordinate representation

Remark 1.36. Just like in the case of functions, it suffices to find two collections {¢;: V; — U}
and {x;: W; = X} of parametrizations such that

UUZ:S]. and UX]':SQ
( J

and check that all coordinate representations Xj_l o f o1); are smooth.
Consider the antipodal map
a: S* = S?  a(zx)= -
For any (u,v) € R? we have

1
142

Since ¥5': S?\{S} — R?is given by

z )
e
(x7y7z) (1+z71+2)7
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we obtain
1 2u 2v
-1 _ _ _
Vs cacyn (wv) 14 =y ( 1+ u?+ 0?2 1+u2+02)
14wt 0 2u —2v
N 2 14+u2 402" 1402+ 02

= —(u,v)

It follows in a similar manner, that 1/1§1 oqog, w;,l oqaoy, and ng,l o a0 1g are also smooth.
Hence, a is smooth.

Proposition 1.37. Let h: R?* — R3 be a smooth map such that h (Sy) C Ss, where Sy and S,
are surfaces. Then h! s S1 — Sy is also smooth.

The proof of this proposition is similar to the proof of Proposition 1.30 and is left as an
exercise to the reader.
To construct a more interesting example, pick a polynomial

p(2) =2" 4+ ap_12" - Farz +ag
with complex coefficients. Identifying R? with C, we can view p as a smooth map R? — R2.

Define f: S? — S?% by

Unepey' (p) ifp#N,

Fpy = oepeen @) i A (1.38)
N ifp=N.

I claim that f is smooth. Indeed, since by the construction of f, the coordinate representation of

f with respect to the pair (R?, 1)) and (R?, ¢)y) of parametrizations (the first one on the source

of f, the second one on the target), is
Un o fon =y o nopoy ey = p.
. T a
Hence f is smooth at each point p € S?\{N'}. To check that f is also smooth at N too, consider

sy opothy oty if 2 #0,

o o —1 =
Voo fovs (2) {0 if 2 =0.

‘We know that

| =

wSN(Z)Zwsole(z)I#z:—-z:

ST

— s (2) =Ygy (2) =
Hence, we compute

1 Ay
Ysn opoPns (2) = Psn (Z_" + Z”*i + ... +ao)

1+an_12+...+a02n
= thsn e

Z’VL

_ . ifz#0.
1+C_Ln,12+...—|—602n 7£

This yields that yg o f o 1/151 is smooth even at z = 0, that is f is smooth everywhere on S (or,
simply, f is smooth).
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Theorem 1.39. Suppose f: S1 — So and g: Sy — S3 are smooth maps between surfaces.
Then go f: S1 — S5 is also smooth.

Proof. Pick a point p; € S; and denote py = f(p1) € Sa, p3 = g(p2) = g(f (p1)) € Ss.
Pick parametrizations

’QZ}]‘I Vj —>Uj CS]‘.

In a sufficiently small neighbourhood of p; we have

U3to(goflovn =15 ogothpothy o foyy.

GeC® FeCee

Hence, g o f is smooth in a neighbourhood of p;. Since p; was arbitrary, g o f is smooth
everywhere. 0

Remark 1.40. The proof shows that the coordinate representation of the composition is the
composition of coordinate representations.

Notice that Theorem 1.39 yields in particular the following: If v: I — S; is a smooth curve
and f: S7 — Ss is a smooth map, then f o~: [ — S5 is also a smooth curve.

Definition 1.41. A smooth map f: S; — S5 is called a diffeomorphism, if there exists a smooth
map g: So — S such that

go f=idg, and feog=idg,
Example 1.42. The antipodal map a: S? — S? is a diffeomorphism.

Example 1.43. The hyperboloid H = {22 +3? — 2% = 1} and cylinder C' = {22 +y* = 1} are
diffeomorphic, that is there exists a diffeomorphism f: H — C. Explicitly, define

h:R*—R3 b h(x,y,z :( * , Y ,z)
y hi@y2) V1422 V1422
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2 2
Clearly, h € C*> (R3;R3). If (z,y,2) € H, then ( e > + ( Y ) — xi%yj = 1, that is
f=h|,: H— C is smooth,

Exercise 1.44. Show that the restriction of h~': R? — R3 given explicitly by

Rt (u, v, w) = (\/1 + w2 u, V1 +w2v,w>
yields a smooth inverse of f.

Remark 1.45. A map f: S; — S5 may fail to be a diffeomorphism in the following two ways:
either f~! does not exist or f~! exists but is not smooth.

Example 1.46 (A non-example). Consider a map

f:C—C, f(x,y,z2)= (:E,y,z3),

which is smooth. The inverse f~': C' — C exists:

[y, 2) = (2,9, V7).
It is continuous, but fails to be smooth.

Exercise 1.47. Compute a coordinate representation of f~! and check that this fails to be
smooth indeed.

Example 1.48. Let S be a smooth surface and let ¢): V — U be any parametrization. Consider
U as a surface covered by the image of a single parametrization ). Then ¢ = 1)~! exists and
is smooth as we have seen in Example 1.27. That is U is diffeomorphic to V, which is an open
subset of R?. Summing up, we see that any surface is locally diffeomorphic to an open subset
of R2.

Exercise 1.49.

(i) Show that the disc D := {(z,y) € R? | 22 +y* < 1} is diffeomorphic to R?, that is there
exists a smooth bijective map f: D — R? such that f~!: R? — D is also smooth.

(ii) Show that any smooth surface is locally diffeomorphic to R, that is any point p € S has
a neighbourhood U diffeomorphic to R2.

1.4 The tangent plane
Let S be a surface.

Definition 1.50. A vector v € R? is said to be tangent to S at p, if there exists a smooth curve
v: (—&,€) — S such that

v7(0)=p and 7(0)=v.

Notice that when computing the tangent vector of v we think of v as a curve in R3.
The set 7}, of all vectors tangent to .S at the point p is called the tangent space of S at p.
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Example 1.51. For S = S? and an arbitrary point p we have the curve

v: R = S2, Yo (t) = cost-p+sint - v,

where |[v]| = 1 and v L p just as in in Example 1.32. Then 4, (0) = v. Hence, v is tangent to
S? at p.
In fact, any vector v which is orthogonal to p is tangent to S* at p. Indeed, set A := ||v|| and

vy := A"1v, and
TR =S () = v, (M),

Then v(0) = p and §(0) = A\, (0) = v.

Proposition 1.52. Let ¢: V — U be a parametrization such that ¢ (ug, vo) = p. Then
TS = Im D yg,00)%-

In particular, T,,S is a vector space of dimension 2.

Proof. The proof consists of the following steps.
Step 1. We have Im D, )% C T),S.

Assume v € Im Dy, ). Then there exists a vector w € R? such that Dy, ,,)¢ (w) = v.
Consider the smooth curve 3: (—¢,e) -V

B (t) = (ug,vo) +1 - w.

Then v (t) == 1 o 5 (t) is a smooth curve in S such that

7(0) =9 (B(0)) = (uo,v0) =p  and ¥ (0) = Dugup)¥ (w) = v.
Hence, v € T,,5.
Step 2. 7,5 C Im D (ug, vo) ¥

If v € 7,5, then there exists y: (—&,e) — S such that v (0) = p and 4 (0) = v. Can
assume Imy C U by choosing ¢ smaller if necessary. If p = @Dfl', then 3 (t) == poy(t)isa
smooth curve in V C R? such that 3 (0) = (ug, vg). Denote w := 3 (0) € R% Then we have

v=5(0)= 5| (802 8)1) = (Do) (50))
= D(ug,o0)¥ (w) € Im D(yg,00)¢-
Step 3. dim 7,5 = 2.
This follows immediately from the injectivity of D, ,)%. 0

Proposition 1.53. Pick p € S and recall that there exists a neighbourhood W C R3 of p and a
smooth function p: W — R such that

SAW ={qeW]p(q) =0} and Ve(q)#0 VgeW.
Then T,S = Vi (p)™.
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Proof. 1f v is any curve in S through p, then

d

poy(t)=0 ¥Vt = %tzow(w)):o.

Therefore, we obtain

d .
0=—1 »(r®)=(Ve®),7(0)) = T,SCVe) .
t=0
Since both 7,5 and Vi (p)L are two-dimensional, these spaces must be equal in fact. 0J

Example 1.54. Set o(z,y,2) = (22 4+ y* + 22 — 1) /2. Then ¢~ *(0) = S* and
Vo(p)=p#0 if pe S? — T,5% = p*.
This is consistent with Example 1.51.

Example 1.55. Set ¢(z,y,2) = (2 +y* — 2> = 1)/2. If p = (2,y,2) € H =: ¢ *(0), then
Ve (p) = (x,y, —2z) # 0 and therefore

T,H = (z,y,—2)" = {v=(v1,v2,v3) € R® | 20y + yvy — 203 = 0}.
Example 1.56. Set o(z,y,2) := (2 +y> —1)/2, C=¢(0) 2 p= (z,y,2). Then

T,C = {v = (v1,v2,v3) | 2v1 + yvs = 0, vy is arbitrary }.

1.5 The differential of a smooth map

Just as in calculus of several variables, we wish to study smooth functions, or, more generally,
smooth maps, by approximating those by linear ones. This leads to the concept of the differential,
which we define first for the case of functions. The more general case of smooth maps is
considered below.

Definition 1.57 (Differential of a smooth function). Let S be a surface and f € C'* (S). Define
amap d,f: 7,5 — R as follows: for v € 7,5 choose a smooth curve « throught p with
4 (0) = v and set

d

dpf (v) = | _fer(t). (1.58)

Proposition 1.59. d, f is a well-defined linear map.

Proof. Pick a parametrization ¢: V — U > p. Without loss of generality we can assume that
vip) =0€ V.

If 71 and 7, are two curves through p such that 4 (0) = v = 52 (0), then for 8; == 1)~ o ;
we have

v (t) = o B (1) — v = Dy (51 (0) ) = Dot (52 (0) )

Since Dy is injective, we obtain 3, (0) = (5 (0) =: w. Furthermore,

d

-1 . d
=l (fewovtom @) = 2

d
fon(t)=— 7

dt ‘t:O

(Fepi(t)) = DoF (w).

t=0
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Likewise, we obtain

il O =D = Gl o) = g Um0

Hence, d, f is well-defined and, moreover, we have the equality
dpf o Doty = DoF,

where I := f o1 is the coordinate representation of f. Since both Dy and Dy F' are linear, so
isdy,f. OJ

Exercise 1.60. Think of R? as a surface in R? (for example, as R?x {0} C R?). Let f: R? — R?
be any smooth map. Show that the differential of f in the sense of Definition 1.57 coincides
with the one known from the analysis course.

Exercise 1.61. If h € C>* (R*) and f = h
dpf = Dyhl, .

Definition 1.62. A point p € S is called critical for f € C* (S),if d,f = 0, thatis d, f (v) =0
forallv € T,S.

o then for all p € S we have

Proposition 1.63. If p is a point of local maximum (minimum) for f, then p is critical for f.

Proof. 1f p is a point of local maximum for f, then for any curve  through p, 0 is a point of
local maximum for f o 7. Hence, £ ‘t:of oy(t) = 0. O

Proposition 1.64. Let h, p € C> (R?). Assume Vi (p) # 0foranyp € S = =1 (0). Ifpe S
is a point of local maximum for [ = h|, then

Vh(p) = AVe (p) (1.65)

for some \ € R.

Proof. Our hypothesis implies that S' is a surface and 7,5 = (ch(p))L, see Example 1.9 and
Proposition 1.53. Hence,

dpf =0 — Dyhl, o =0 — (v, Vh(p)) =0 VYuveT,s.
In other words, VA(p) is orthogonal to 7,,S. However, 7,5 is one-dimensional and contains

Ve(p) # 0. This implies (1.65). O

Remark 1.66. This proof is in a sense more conceptual than the proof of Theorem 1.6.

More generally, for any f € C*(S;R") the differential d,f: 7,5 — R" is defined
by (1.58) too. This yields immediately the following: If f is written in components as f =
(fi,..., fn), then d,f can be written in components as

dof = (dpfr, ... dpfn).

Also, the differential is well-defined for maps f: R” — S and is a linear map of the form
dyf: R" = Ty, S. For maps f: S; — S between surfaces we define

dpr TpSl — Tf(p)SQ

essentially by the same rule: If 4 (0) = v € 7,51, then d,, f (v) := %L:O (f o (t)). This yields
again a well-defined linear map as the reader can easily check.
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dpf (v)

S, S

Figure 1.12: The differential of a smooth map

Proposition 1.67. Let Sy, Sy, S5 be smooth surfaces. For any smooth maps f: S, — S, and
g: So — Ss and any point p € S, we have

Dy(ge f) = Dyspge Dyl
This also holds if any of S; is replaces by an open subset of R™.

Proof. Let v, be any smooth curve in .Sy through p. Denote v = f oy, which is a smooth curve
in Sy through f (p). If 4, (0) = vy, then vy == 72 (0) = D,f (v1) by the definition of D, f.
Hence,

d d
Dylgof) () = 2| (92822 ) =2| (927 1) = Dy (v2)
V2
= D)9 (Dpf (v1)).
O
Corollary 1.68. If f: S, — Sy is a diffeomorphism, then d, f : T,S1 — TS is an isomorphism
forany p € 5. O

Definition 1.69. A map f: S; — S5 is called a local diffeomorphism if for any p € S; there
exists a neighbourhood U; C S} and a neighbourhood Uy C S5 of f (p) such that f: U; — Uy
is a diffeomorphism.

Theorem 1.70. Let f: S — Sy be a smooth map such that d,f: T,S1 — Tyy)S2 is an
isomorphism for all p € Sy. Then f is a local diffeomorphism.

Proof. Pick any p € Sy and parametrizations ¢ : Vi — Wy C Sy and ¢o: Vo — Wy C S,
Without loss of generality we can assume that ¢, (0) = p and ¥, (0) = f (p).

Recall that the coordinate representation of f is F' = 15 o f o)y, see Fig. 1.13. Hence, by
Proposition 1.67 we obtain doF' = d ()15 o d, f o do1)1. Furthermore, since all of the following
linear maps

dovr: R2 — T,81,  dypys ' TypySe — R?, and  d,f: T,S) — T,S,

are isomorphisms, we conclude that dy £’ is an isomorphism too. B

From the analysis course it is known that there exists a neighbourhood V; C V; of the
origin and a neighbourhood V, C V of the origin such that ': V; — Vj is a diffeomorphism.
Denoting U; = 4 (Vl) and Uy = 1)y (Vg), we have

f‘Ul :wQOFwal‘UIIUl—)UQ

is a diffeomorphism, since it is a composition of diffeomorphisms. U
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f
(=

(C>

(G

V1 v2

Figure 1.13: Illustration for the proof of Theorem 1.70

Remark 1.71. It follows from the proof of Theorem 1.70, that

dyf = dopg o doF o dp¢fla

where both dg1), and d,1); * are linear isomorphisms.
In particular, this implies that the following holds:

* d,f isinjective = Dy, (nF' is injective;
* d,f 1is surjective — Dy, F' 1s surjective;
* d,f is an isomorphism <~ Dy, »F' is an isomorphism.

Definition 1.72. For f € C*° (S1;S2) a point p € Sy is called a critical point of f if d,f is not
surjective.

Since dim 7},S; = dim T’ ,) S5, a simple argument from linear algebra yields:
d,f is non-surjective <= d,f is non-injective <= d,f is not an isomorphism. (1.73)

Notice, however, that Definition 1.72 makes sense in more general situations where, for example,
the target Sy (and/or the source S7) is replaced by R"™. However, (1.73) is false in general for
those more general cases.

To see that Definition 1.72 coincides with the previous one in the case of function, suppose
p is a critical point of a smooth function f: S; — R in the sense of Definition 1.72. If there
exists v € 7},5, such that d, f(v) # 0, then the linearity of d, f yields immediately that d,, f is
surjective. Hence, d,, f is non-surjective if and only if it vanishes, cf. Definition 1.62.

Definition 1.74. A point ¢ € S, is called a regular value of f, if any p € f~1(q) is a regular
(that is non-critical) point of f, i.e., if for all p € f~!(¢) the differential d,,f is surjective.

The argument demonstrating (1.73) yields also the following:

d,f is surjective <= d,f isinjective = <=  d,f is an isomorphism.
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Example 1.75. Identify C with R? and consider the map f: C — C, f(z) = 2", where
n € Z,n > 2. It is known from analysis that d.f: C — C can be identified with the map
h — f'(z) - h. Hence, z is critical if and only if f' (z) = 0 < nz""!' = 0 < 2z = 0. Hence, f
has a single critical point z = 0 and a single critical value, the zero. All other points are regular
and any non-zero value is also regular.

Viewing f asamap C\ {0} — C\ {0}, we obtain an example of a local diffeomorphism,
which is not a diffeomorphism (assuming n > 2).

Theorem 1.76 (The fundamental theorem of algebra). Let ¢ (2) = 2" +a, 12" ' +.. . +a1z+ag
be a polynomial of degree n > 1 with complex coefficients. Then p has at least one complex
root.

Proof. First recall that the map f: S? — S?,

_JN p=N,
f(p)_{woqow, p#N,

is smooth. Indeed, the details of this claim are spelled on Page 14. The rest of the proof consists
of the following steps.

Step 1. f has at most n critical points (values).

Indeed, a point p € S*\{ N} is critical for f if and only if z = 1, (p) is critical for q. Hence,
in this case ¢’ (z) = 0, that is z is a root of the polynomial nz" "'+ (n — 1) a, 12" 2 +... +ay,
which can have at most (n — 1) roots.

Step 2. Denote by R (f) the set of regular values of f. Then for any r € R (f) the set f~* (r)
is finite and the map R (f) — Z>o,7 — # [~ (r) is constant.

Pick any r € R(f) and any p € f~'(r). Then f(p) = r and d,f is an isomorphism.
Hence, by Theorem 1.70 there exists a neighbourhood U, of p and a neighbourhood W, such
that f: U, — W, is a diffeomorphism. In particular, /= (r) N U, = {p}, thatis f~!(r) is
discrete. Since f~! () is a closed subset of S?, f~1(r) is compact. But a compact discrete set
must be finite.

Denote f~' (r) = {p1, ... pm} and the corresponding neighbourhoods Uy, ... U, and
Wi, ... W,. Set W :=W; n...NnW,, and ﬁj = f~'(W) N U,. Then for each j < m
the map f: U ; — W is a diffeomorphism. In particular, for all 7’ € W there exists a unique
P € U, such that f (p}) =r". Hence, #f~' (') > #f~' (r) forall ' € W.

Furthermore, I claim that in fact # f 1 (') = #f~! (r) for all 7’ contained in some neigh-
bourhood of r. Indeed, arguing by contradiction, assume that there is a sequence r; converging

to 7 with the following property: for each i there is some p; € f ~L(r!) such that p is not

)

contained in any of Uy, ..., U,,. By the compactness of S?, a subsequence of p converges
to some p. Then, by the continuity of f we must have f(p) = r so that p = p; for some
j € {1,...,m}. But then a subsequence of p; must be contained in U,. This is a contradiction.

Thus, the function
R(f) —Z, rv+—#f1(r) (1.77)

is locally constant. However R ( f) is the complement of a finite number of points in 52, hence
connected. Therefore (1.77) is (globally) constant.

Step 3. We prove this theorem.
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Pick any pairwise distinct points py, ... ,ppy1 € S?\{N} such that f (p1), ..., f(Pui1)
are also pairwise distinct. Since f has at most n critical values, at least one of those points is a
regular value of f and (1.77) does not vanish at this point. Hence, (1.77) vanishes nowhere on

R(f).
If the south pole S is a critical value of f, then f~!(S) # @, since f~!(S) contains a
critical point. However,

US40 < ¢ (0) +#o.

If S is a regular value, then Step 2 yields # f~* (S) > 1. This yields in turn ¢~* (0) # &, which
finishes this proof. O

1.6 Orientability

Let S C R3 be a (smooth) surface.

Definition 1.78. A (smooth) map v: S — R? is called a (smooth) tangent vector field on S, if
v(p) € T,S forallp € S.

Definition 1.79. A (smooth) map n: S — R? is called a (smooth) normal field on S, if n (p) L
T,S forallp € S.

Example 1.80. Set S = S?%, n (x) = 2. Then n is a normal vector field on S2.

Lemma 1.81. Let): V — U C S be a parametrization. Then U admits a unit normal field n
on U, thatisn (p) L T,S and |n (p) | = 1 holds for all p € U.

Proof. Since 1) is a parametrization, for any p € U there exists ¢ € V such that ¢ (¢) = p and
Db R? — T,S = Im (D) is an isomorphism. Hence, D) maps a basis of R? onto a basis
of 7,,S. In particular, the image of the standard basis (0,1, 0,%) ‘q is a basis of 7),S.

Define
np)=rm—r—5 1
|0uth X Op)|
where " x" means the cross-product in R3. This is well-defined, since 9,1 x 9,1 # 0. 0

Exercise 1.82. Check that n is a smooth normal field on U.
Lemma 1.83. If S is connected, then there are at most 2 non-equal unit normal fields on S.

Proof. Let ny and ny be unit normal fields. Since for any p € S both ny(p) and nsy(p) are
orthogonal to 7,5 and |ny|(p) = |n2(p)|, we must have ny (p) = £n4 (p).

Denote Sy = {p € S | na(p) = £n1(p)}. Then both S; and S_ are closed and S =
S, U S_. Hence, either

S, =0 — ns (p) = —ny (p) forany p€ S or
S_. =0 = ne (p) = +ny (p) forany p € S.

Definition 1.84. A surface S is said to be orientable, if S admits a unit normal field.

It should be intuitively clear that any unit normal field "selects a side" of the surface. A
choice of the unit normal field ("a side of S") is called an orientation of .S. Thus, any surface S
admits at most 2 distinct orientations.
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Proposition 1.85 (Preimages are orientable). If 0 is a regular value of ¢: R?* — R, then S =
© 1 (0) admits a unit normal field.

Here, just like in the Definition 1.74, 0 is said to be the regular value of ¢ if forany p € S =
¢~ (0) we have

D,p: R® — R is surjective — Vo (p) # 0,
since Dy (v) = (Vi (p) ,v), where v € R?.

Proof. Since T,,S = Vi (p)L, we see that Vi is a normal field. Since 0 is a regular value of ¢,

V¢ vanishes nowhere on S. Hence, n (p) := \&Z& is a unit normal field. O

Remark 1.86. In the definition of orientability, it is only important, that the normal field exists,
is non-vanishing and continuous. Smoothness can be deduced from this.

Example 1.87 (A non-example: the Mobius band). One can obtain the Mobius band from the
strip by gluing the opposite sides as shown on the figure.

gluing

=

Figure 1.14: The Mobius band from the strip

)

More formally, the Mobius band is the image of the map
U [0,27] x (—=1,1) — R?,
U (u,v) = <<2 — vsin %) sin u, (2 — vsin g) COS U, U COS g) .

Exercise 1.88. Show that the image of W is a surface indeed.

To see that the Mobius band is non-orientable, recall that we showed in Lemma 1.81 that
any point on a surface admits an orientable neighbourhood U. Moreover, it follows from the
proof that given 0 # ny L 7,,,S at some py € U, there is a unique orientation n of U such that
n(po) = |:‘l—8| With this understood, for all p € L pick an orientable neighbourhood U,,. Since
L is compact, there is a finite collection Uy, ..., U, covering L. Choose a point p; € L N Uy
and a vector ny € T, S+, |ni| = 1. This determines uniquely a normal field n on U; such that

n(p1) = ni. f UsNU; # @, then there exists a unique smooth extension of n to U; UU,. After
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finitely many steps we obtain a normal field n on U; U ... U U, D L. However, as one travels
once along L, this normal field must change its direction, that is n (p;) = —n (p;), which is
impossible. Hence, the Mobius band does not admit a unit normal field, that is the M6bius band
is non-orientable.

Let S be a surface.

Definition 1.89. A collection A = { (¢4, Vo, U,) | a € A} of parametrizations of S is said to
be an atlas, if | J,., Uy, = S.

Recall that for a, b € A the map
eab = ,lvz)a_l OT/Jbi Vab = ,lvbb_l(Ua N Ub) — RQ
is called the change of coordinates map.

Definition 1.90. An atlas A on S is said to be oriented, if det (D(u,v)éab) > 0 for any (u,v) €

V.
Example 1.91. For S = $%, A = {(wN,R2,S2\{N}), (wS,RQ;SQ\{S})} is an atlas. We
have 1

Osn (u,v) = Z o (u, v)

A computation yields det (Dfgy) < 0, so that A is not an oriented atlas.
Consider, however

B ={ (vn. R S\(NY) | (6, B2 S2\(S}) |
where g (u,v) = Vg (—u,v) = g ° 0o (u,v), where o (u,v) = (—u,v). Then

§SN=?Z§1°¢N= (hgoa) oy =0 L olgn = 0o by,

since 0! = o. By the linearity of o, we have D@\SN = 0 o Dfgy, which yields
det Dé\SN = det o - det DQSN > 0,
since det 0 = —1 and det Dfgy < 0. Thus, B is an oriented atlas on S?.

Proposition 1.92. A surface S is orientable if and only if S admits an oriented atlas.

Proof. The proof consists of the following steps.
Step 1. If S is orientable, then S admits an oriented atlas.

Choose a unit normal field n on S and an atlas .4 on S. Define a new atlas BB as follows: If
a: V4 — U, belongs to A and det (&ﬂbm OpVa,n (Vg (u,v)) ) > 0, then (¢,, Vg, U, ) belongs

to B. If det (&ﬂﬂa, Opa,n (Y (u, v))) < 0, then (¢a 00,0 (V,) ,Ua) = (QZQ, \A/a, Ua) belongs
to B, where o: R* — R? o (u,v) = (—u,v). This yields
et (Outba, Outbas n(Da(u,v)) ) = det (= Dutha, Do, n (i (w,0) ) ) > 0.

Therefore, we obtain:
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(a)

(b)

©

Suppose both ¢,: V, — U, and ¢,: V, — U, belong to B. Denote by (z1, z5) and
(y1, y2) coordinates on V,, and V, respectively. Write the transition map 0 = 6,,: V, —
V., which is defined on an open subset of V, in components as § = (61, 65). Then from
Wy = 1, o 0 we obtain

Oy ¥y = O, 0 (0 (y)) 0y,01 + Oy a (0 (y)) 0y, 02,
Oyothy = Ony0a (0 (y)) Oy, 01 + Oy tha (0 (y)) Oy, 0.

In matrix notations this can be written more briefly as

8,01 0,0
(O b, 0o ty) = (O, Ouythy) - 0,0, where 9,0 = (a;@; 3329;)

is the Jacobi matrix of 6§ = 6,,. Hence,

0
0,0
(aylwlhalﬁwb?n) = (aﬂﬁlwmaﬂawa?n) Y 0 9
00| 1

which yields in turn

det (O, b, Oy Yy, 1) = det (0p, Y, Ozya, ) - det (%) : (1.93)

By the assumption, we have det (0, ¢y, Oy, ¢p,n) > 0 and det (0, Y, Opyta,n) > 0.
Hence, using (1.93) and
det (%H) = det (0,0)
we obtain det (9,6) > 0.
If gZa and Iz}\b belong to 3, essentially the same computation as above yields
det (8y6ab) > 0.
Furthermore,

wb:'@bac’gab - waU:@DaOQabOU:(¢a°0)0009ab°0

where 1, 0 0 = {D\b and ¢, o0 = {b\a. Hence, the change of coordinates map between @/D\a
and vy, is 0,y == 0 0 04, o 0. This yields

det (8y§ab) =deto - det 9,0, - det o = (det 0)2 det 0,04, > 0.

Suppose finally that ¢, and zzb belong to B. By the same argument as above, we obtain
det (0y04) < 0. If 6, denotes the change of coordinates between 1), and 1), then

-~

(gab = Gab °og — det 6y«/9\ab = det (8y9ab) -deto > 0,

since both det (9,0,,) and det o are negative.

Thus, B is an oriented atlas.

Step 2. If S admits an oriented atlas, then S admits a unit normal field.
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Let A be an oriented atlas on S and ¢, : V, — U, a parametrization from A. If ¢, (¢) =
p € U,, define n (p) by

() — Outba X Dut
" 0ue X 0l |,

Assume 1), is another parametrization from A such that p € U,. Then v, = 1, o 0, where
6 = 0,, so that

(ay1¢b7 8y2¢b) = (ax1¢aa axz"vz)b) : 8@/9 — ayldjb X ayz'lvbb = det (aye) ' axl'éba X axz%,

where det (8y6) > (0. Hence n (p) does not depend on the choice of parametrization near p.
Since n is smooth in a neighbourhood of p, n is smooth everywhere. 0
1.7 Partitions of unity

Recall that the function \: R — R

0 ift <0
(1) = =
(t) { TOift>0

1s smooth.

Figure 1.15: The graph of A

For any fixed » > 0 and all t € R we have
A()+A(r—t) >0,
because A (t) is positive for ¢ > 0 and A (r — t) is positive for ¢ < r. Define

N Glt)
X (1) = A +A(r—1t)

which is smooth everywhere on R. Denote also
Xr (t) = xr (t—1)

Lemma 1.94. For any point p € R" and any neighbourhood U > p there exists a neighbourhood
V C Uand p € C* (R") such that the following holds:
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Figure 1.16: The graph of X,

Xr

Figure 1.17: The graph of x,

* 0<p(x) <1forallx € R";

. p‘v = 1and p‘Rn\U = 0.

Proof. For any R > 0, consider

Figure 1.18: Schematic graph of p

If Bog (p) C U, then p vanishes outside of Byg (p), so vanishes outside of U. Also, p (x)
1 on By (p) and p € C*°. Here By (p) is the ball of radius 2R centered at p.

— Ul

Definition 1.95. For a continuous function f on a topological space X define the support of
by

supp [ :={z € X [ f (z) # 0}.
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Notice in particular, that for = ¢ supp f we have f (z) = 0. However, a function may still
have zeros in its support. For example, supp A = [0, +00) so that 0 € supp A and A (0) = 0.

In fact, unwinding the definition in full details, we obtain that x € supp f if and only if
there exists a sequence x,, — x such that f(x,,) # 0. In other words,

z¢supp f <= Janeighbourhood U of z such that f| = 0.

Example 1.96. If p is as in the above lemma, then supp p C U.
Example 1.97. For f (z) = [2]? — 1, f: R™ — R, supp f = R™.

Definition 1.98. A (smooth) partition of unity on R™ is a family of smooth functions {p, | « €
A} such that

(1) 0 < po(x) <lforallz € R"andall o € A;

(ii) Forany z € R™ the set {a € A | p, (z) # 0} is finite;
(iii) > c4Pa(x)=1forallz c R"

Remark 1.99. More precisely, (ii) in the above definition should be replaced by the following
condition: ¥z € R" there exists a neighbourhood V > z such that the set {& € A | supp p, N
V # @} is finite. However, we consider mostly finite partitions of unity so that this condition
(and therefore, also (ii)) will be satisfied automatically.

Example 1.100 (A partition of unity on R). Consider {p; (z) | j € Z}, where p; (z) =
X1 (Jz —j|). Notice that suppp; C [j — 2,7 + 2] so that the function p(z) = ., p; ()
well-defined, smooth and positive everywhere on R. Hence,

{pi=0;/plje}

is a partition of unity on R!.

[

J Jt+2

Figure 1.19: The schematic graph of p;

Partitions of unity for surfaces are defined just like for R™ .

Theorem 1.101 (Existence of a partition of unity). Let Y = {U, | o € A} be any open
covering of a surface S. Then there exists a partition of unity {ps | 5 € B} such that for each
B € B there exists an o € A so that

supp pg C U,.

Proof. The proof is given for compact surfaces only.
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Step 1. Let S be any surface. For any p € S and any open subset W C S such thatp € W,
there exist p € C* (S) such that

(i) 0<p(q) <1 forqgesS;
(ii) suppp C W
(iii) There exists an open subset X C W such that p € X and ,0| v =1

Let (U, ) be a chart on S such that ¢ (p) = 0 € V C R? and U C W. Pick a function
p € C* (R?) such that 0 < p < 1, Z)\‘B © = L.and ﬁ|R2\BZ 0 =0 for some r > 0 such that

By, (0) C V. Define

__)pew(p) ifpel,
p(p) = .
0 otherwise.

Then p is smooth everywhere and with X := ¢! (B, (0)) satisfies (i)—(iii).

Remark 1.102. Alternatively, one can first define a suitable function p on a neighbourhood of p
in R? and define p as the restriction of pto S.

Remark 1.103. Any function satisfying Properties (i)—(iii) of Step 1 is called a bump function.
Step 2. We prove this theorem assuming S is compact.

Pick any U, and any p € U,. By Step 1, there exists X,,, C U, and a function p, ,
satisfying (i)—(iii).

Consider the family {X,w | p € S,a € A}, which is an open covering of S. By
the compactness of S, there exists a finite subcovering {X,, a;, - .. , Xp,.a, }. To simplify

notations, redenote X; := X,, .. and p; = pj, o, S0 that pj| «. = 1. Just as in Example 1.100,
J

we have

P0) =7 0) > 0

for any p € S. Then p; := p; / p is a partition of unity on S. Moreover, supp p; = supp p; C
Ug.. O
J

Remark 1.104. A partition of unity as in the above theorem is called subordinate to U.

Example 1.105. Consider the case S = S? with the covering Y = {S*\{N}, S*\{S}). Albeit
the above theorem yields a partition of unity subordinate to {/, we can construct this by hands
as follows. Let p be a bump function on R? such that p Bi0) = 1 and supp p C By (0). Define

PN = po PN and ps =1—pn.

Then {pn, ps} is the partition of unity we are looking for.

1.8 Integration on surfaces

The aim of this section is to define a map [: C* (S) — R with "the usual" properties of the
integral, e.g.

/(Af+ug):>\/f+u/g Mu€eR  figeC™®(9). (1.106)
s s s
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To this end, assume that S is compact and choose an atlas A = {(U,,¢,) | « € A} on S.
Let {p; | j =1,...,J} be a partition of unity on S such that supp p; C Uy, =t Uj;. For any

f € C>(S) we have
J
f=ft=>_fpi=3 1l

where f; := f - p; and supp f; C supp p; C Uj;. Hence, by (1.106) it suffices to define fs fis
that is we want to define |, ¢ J provided supp f C U, where (U, ) is a chart.
Viewing ¢ as an identification between U and V C R?, we can identify f with its coordinate
representation
F=fopl=fotp: V—R

Then F vanishes outside of ¢! (supp f), which is compact.
mF
P
“‘ =" (supp f) D supp F

Figure 1.20: The coordinate representation of f

It is tempting to define

/f::/ F (u,v) dudv. (1.107)
S R?

Notice that the integrand on the right hand side of the above equality vanishes outside of a
compact set so that in fact we do not need to worry about the convergence of this integral. It
may happen, however, that there is another chart (U, ) ) on S such that supp f C U. To show
that |, ¢ [ 1s well-defined, we must show the equality

~

/ F (u,v) dudv;/ F(z,y)dzxdy, (1.108)
R2

R?

where [ = f o @' 1is the coordinate representation of f with respect to .
Letf = pop~ ! & (u,v) = 0 (x,y) denote the change of coordinates map. Then

ﬁ:foa_lzfo(p_logpo@_leoej

so that (1.108) is equivalent to

/ F (u,v) dudv - / Fof(x,y)dxdy
R2 R2
The last equality is false in general, since by a well-known theorem from analysis we have
/ F (u,v)dudv = / Fof(x,y)|det DO|dx dy.
R2

RZ
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Thus, our naive approach to define f ¢ f by (1.107) does not work in general.
To solve this problem, recall the following fact. Suppose V' C R? is a bounded open set
such that S := JV is a smooth oriented surface. Then by the divergence theorem we have

/divv=/(v,n>d5,
v S

where n is the unit normal field pointing outwards. If ¢ = ¢ (u,v) is a parametrization of S,
the right hand side is defined by

/(U,n>|8uw X Opt)| du dv.

Following this hint, for f € C'* (S) with supp f C U, where U is a coordinate chart, we define

/f = / F (u,v) 0,0 X Opt)|du dv. (1.109)
s R?
Then, if ([AJ, ) is another chart just like above and § = o ' = ¢~ o ¥, we have
b=teb = (00,0,0) = (0, 0) - Db
— 10,0 X O] = |0, x Bytp| - | det D).

Hence, we have
/ F (2,y) 0.0 x 8y$|dx dy = / Fof(x,y) |0, x Oyt| | det DO| dz dy
R2 R2
— / F (u,v) |04 X Oyt)|du dv.
R2

That is (1.109) does not depend on the choice of the parametrization of S.

Definition 1.110. Let S be a compact surface and f a smooth function on S. Pick an atlas
U = {(U,,¢,)} and a finite partition of unity {p; | 1 < j < J} subordinate to ¢{. Denote by
F; the coordinate representation of f; := p; - f. Then the integral of f over S is defined by

/Sf = Z/Sfj = Z/RQFJ(UW) 1Buth; X Dy | du v,

where supp p; C U; = Uq(y) and ¢ = @1y
Proposition 1.111. | ¢ | is well-defined, that is f ¢ [ does not depend on the choice of an atlas.

Proof. Let U = {(ﬁg, @3) | 6 € B } be another atlas on S. Choose a partition of unity
{ux | k=1,..., K} subordinate to I/. We need to show that

Z/S(pjﬂ;Z/S(ﬂkf)- (1.112)

Notice that {\;, = pj\p | j=1,...,J,k =1,..., K}isalsoapartition of unity and supp A C
U, N Uy.
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With this understood, for a fixed j consider

g/s)‘jkf_/s<pjg/ﬁkf> —/Spjf,

where the first equality follows by the linearity of the integral on the space of compactly
supported functions on R?. Summing the above equality over j, we arrive at

iiLAjkf:g;A(pjgﬂkf) zg/spjf.

j=1 k=

Similarly, we have

K J J
S [ =X [ (3] <5 fns
k=1 j=1 75 K VS j=1 K VS
Comparing the above two equalities we see that (1.112) holds indeed. 0J

It follows immediately from the definition that |  has the usual properties known from the
analysis course, for example:

* Js\fng) =g f+nfs9:
cf20 = [if=0
* [¢f=0and f>0 = f=0
and so on, where in the last property I assume that f is at least continuous.

Example 1.113. Let f: S — R be any (smooth) function. Let i/ = {S*\ {N}, S*\ {S}}
be just as in Example 1.105. Choose € > 0 and set

£ (3]

oy (p) =p(epn (p), and  py =1—pf,

where p is just as in Example 1.105. Notice the following:

1

Y

=1 = PN

Pl on' (B.-1(0))

£

PN 0.

Ple2\By0) 2\ (By—1(0))

If Fiy = f o9y and Fs == f o 1)g are coordinate representations of f, then by the definition of
the integral we have

/f :/ (P o Un (u,v)) Fy (u,v) |0ty X Opthn |du dv
S R2
s [ o s () F (0,0) s x Qs do
R2
:/ p (eu,ev) Fy (u,v) |0,y X Opthn|du dv
RQ

+ / p5 o s (u,v) Fs (u,v) |0yths X Opths|du dv.
R2
The last term converges to 0 as € — 0, since
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* the measure of the support of pg o 1 g converges to zero;
* the integrand is uniformly bounded with respect to €.

For the first term, we have
/ p (eu,ev) Fy (u,v) |0,n X Opthn|dudv
]R2

= / Fy (U, U) |au¢N X av¢N|du dv
B

e=1(0)

+/ p (eu,ev) Fy (u,v) |0yn X Opthn|dudo.
B

25*1<0)\BE*1(0>

The last summand of this expression converges to zero, since

* |p(eu, ev) Fy (u,v) | < sup|f];
S2

* s

Summing up, we obtain

(O\B.—1 (0) |0t X Oytb|dudv < Area(52 \ YN (Bt (0))) 0.

2¢—1

/ f= / Fn (u,v) |0ytn X Opthn| du dv (1.114)
52 R2

just as it is well-known from the analysis course.
Of course, a similar argument yields also

/ f :/ Fs (u,v) |0,0s X 0pts| du dv. (1.115)
S2 R2

The reader should check directly that the right hand sides of (1.114) and (1.115) are equal
indeed.

Theorem 1.116. Let h: S — S5 be a diffeomorphism, where S| and Sy are compact surfaces.
Then for any f € C* (S) we have

/ f:/ (f o h) - |det dh. (1.117)
So 51

To explain the right hand side of (1.117), let V and W be Euclidean vector spaces such that
dimV = dim W = n. Choose an orthonormal basis ¢ = (ey, ..., e,) of V and an orthonormal

basis g = (g1,...,9n) of W. A linear map ¢: V — W can be represented by a matrix A, =
(a;j) € M, (R), where

ple) =Y ayg; <= (pler),...,0(ea)) =(g1,-.-,00) A <= ole)=g A
j=1
If ¢’ is another basis of V, then there exits an orthogonal n x n matrix B such that
¢ =e¢-B = e;:Zbijej.
j=1
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Similarly, if ¢’ is another basis of W, then there exists an orthogonal n x n matrix C' = (¢;;)
such that

n

d=g-C = 4= cyg
j=1

Let A, be the matrix of ¢ with respect to ¢’ and ¢'. Then

p)=yg-A,=9gCA, <= y¢(e-B)=p(e)-B=g-ADB
— CA,=AB = A, =C"'AB

Therefore,
det A, = det (C7') det Ay det B = +det A, — |[detAl| =|det A,

since both det (C~!) and det B equal to +1 because B and C are orthogonal. That is for any
linear map ¢: V — W between Euclidean spaces | det ¢| := | det A,| is well-defined.

Since for any p € S; both T,,S; and T}, S are Euclidean, |detdh| is a well-defined
function on Sj.

Proof of Theorem 1.116. Let Us = {(Uq,, o) | @ € A} be an atlas on S. Pick a partition of
unity {p; | 7 =1,...,n} on S, subordinate to Us. Thenly = {(h™! (U,), &, == paoh) | v € A}
isanatlason Sy and {p; o h | j = 1,...,n}is apartition of unity subordinate to ;. If supp p; C
U,, = Uy, denote v; = goj_l, §j = Pa,; chand v; = fj_l = h™' o ¢;. Hence,

@ij =ho Vj - 8u’l7b] =dh (8uvj) and aij =dh (@Uvj)

1.118
E |au77b] X 81,77/)]‘| = |det dh| |8uuj X 8U1/j|. ( )

The last equality follows from the following fact: If £ C R? is a plane spanned by two vectors
v and w, for any A € End(E) we have (Av) x (Aw) = (det A) - v X w.

R2
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Thus, we have

L(pjoh)-(foh)-\detdh|:/ (pjohe&i?) (feho&) - |detdh|-|0uv; x Oy

R2

_ / (oo t) - (F o w3) 19ty X Ot

=/S2Pj'f7

where the second equality follows from (1.118). Summing up by 7, we obtain (1.117). U

Remark 1.119. Notice that (1.117) is nothing else but a fancy restatement of the theorem about
the change of coordinates for the integration, which is well-known from the analysis course.

1.9 Quadratic forms on surfaces

Definition 1.120. A Riemannian metric on a smooth surface .S is a family of scalar products
{(-,)» | p € S}, where (-, -),, is a scalar product on T},S, such that (-, -),, depends smoothly on

p-

To explain, let ¢o: V — U be a parametrization. If ¢ € V and p = ¢ (¢), then 7,,S has a
basis (9,1, 9,1). Hence, the scalar product (-, -) , is represented by its Gram matrix

. E = (0,,0.9),,
M = (F G) 7 where F = (0u, 009),,
G = (0,9, 001),,.

We say, that (-, ->p depends smoothly on p, if all 3 functions £, F, G are smooth on U (where
they are defined).

Example 1.121. For any p € S we have 7,5 C R3. Since R? is equipped with the standard
scalar product.

(,9), = 211 + T2y + T3y3

we can restrict (-, ), to 7),S to obtain a scalar product on 7},S. This is a Riemannian metric on
S, since

E (u7 U) = <au77Z)7 au¢>5‘ = <8u¢7 8u¢>st

is a smooth function of (u,v) (and similarly for F and G).
This particular Riemannian metric on S is called the first fundamental form of S in the
classical theory of surfaces.

Exercise 1.122. Let (-, -) be the first fundamental form of S'and f: S — S be a diffeomorphism.
For v, w € T},S define a new scalar product

(v, w), = (dpf (v), dpf (w)>f(p)
where d,, f (v) € Ty, S and d, f (w) € Ty()S. Show that (-, -) , is a Riemannian metric on S.
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For the sake of simplicity of exposition, assume S is oriented and let n be the unit normal
field. We can regard n as a smooth map

n: S — 52
which is called the Gauss map. Then for all p € S we have
dyn: TS — TopS* = n (p)" = T},S.

This linear map is called the shape operator of S at p.
As a linear map in a 2-dimensional vector space, the shape operator has two invariants:

1
K (p) = det (d,n) and H (p) = —5 tr (dyn) .
Definition 1.123. K (p) is called the Gauss curvature and H (p) is called the mean curvature
of S at p.
Notice that both K and H are smooth functions on S.

Example 1.124. For the plane S = R* = R? x {0} C R? the Gauss map is constant. Hence,
the shape operator vanishes and therefore both K and H vanish too.

Example 1.125. For the sphere of radius r
SZ={z eR®| |z’ =r?}

the Gauss map is given by n (p) = %p. Hence, for the shape operator we obtain: d,n (v) = %v.
Thus, d,n = 2id = K (p) = 2 is constant on 52

Notice that for » — oo, we have K (p) — 0 and the sphere looks more and more flat in
a neighbourhood of each point (that is why our Earth is "flat"). Thus, we can view the Gauss

curvature as a measure of flatness of S.

Lemma 1.126. The shape operator is symmetric, that is for any p € S and any v, w € T),S we
have

{dpn (v), w) = (v, dyn (w)) .

Proof. Let ¢): V. — S be a parametrization such that ¢) (0) = p. Then (0,%, 0,%) " isa
u,v)=0
basis of 7},S. Hence, it suffices to show the equality

(dyn (0u1) , 0)) = (Duth, dyn (D)) ), (1.127)

where the derivatives are evaluated at the origin. To this end, notice that by the definition of n
we have

(n (¥ (w,0), 0,8 (u,0) ) =0 V(u,v) €V.
Differentiating this equality with respect to v and setting (u,v) = 0, we obtain

Similarly, we obtain

Subtracting these two equalitites, we arrive at (1.127). U

Draft 37 January 2, 2024



Differential Geometry I

Definition 1.128. The bilinear symmetric map

II: 7,8 x T, — R, (v, w) — (v, dpn (),
is called the second fundamental form of S at p.

Notice that II is smooth, that is for any parametrization v the functions

11(0,1 (u,v) , 0¥ (u,v) ), I1(0,1, 0y1)), 11(0yt), O0pt))

are smooth in (u, v).

Remark 1.129. One can recover the shape operator from the second fundamental form, that is
these two objects contain the same amount of information.

Remark 1.130. Observe that the shape operator and the second fundamental form depend on
the choice of orientation. If one changes the orientation to the opposite one, the sign of the
fundamental form changes too. However, this does not affect the Gauss curvature. In particular,
the Gauss curvature is well-defined for non-orientable surfaces too, since any surface is locally
orientable.

1.10 'The geometric meaning of the sign of the Gauss curvature

Let p € S be acritical point of f € C*° (S). Given v € T,,5, pick a smooth curve y: (—¢,¢) —
S such that v (0) = pand 7 (p) = v.

Definition 1.131. The map

d?

Hess, f: 1,5 — R, Hess, f (v) = T
t=0

(fer (@)
is called the Hessian of f at p.
Proposition 1.132.

(i) Hess, f is a well-defined quadratic map.

(ii) If p is a point of local minimum, then Hess,, (f) (v) > 0 for all v € T,S. If p is a point of
local maximum, then Hess, f (v) < 0.

(iii) If Hess, f (v) > 0 for all v # 0, then p is a point of local minimum. If Hess, f (v) < 0 for
all v # 0, then p is a point of local maximum.

Proof. Choose a parametrization ) such that 1) (0) = p and denote

Fi=fe¢p —and [i=poy=ton.

Then if 3 (¢) = (b1 (t), B2 (t) ), we have
fer(t) = Fep()=F(5 (1), 52(1) =
Lo (0) = 9 (5(0)) 8, (1) + 0uF (3(1)) 54 1.
Notice that 4 (0) = 0 and 0, F' (0) = 0 = 0,F (0).
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/\/5

R2

Furthermore we have

d2

dt? =
Recalling that 5’ (0) = d,¢ (v), we see that the right-hand-side of (1.133) depends only on
' (0) and not on the choice of 7. Moreover, (1.133) also shows that Hess,, f (v) is a quadratic
form in v.

In fact the above computation shows that Hess, f corresponds to the Hessian of the local
representation F' of f in the following sense: The diagram

T,S
p m}

dpp R

R Hessy ) £

commutes. That is we can identify Hess,f with Hess,)F' by means of the isomorphism
dpp: TS — R?. This immediately implies (ii) and (iii). O

Jev(t) =05,F(0) 5 (0)° + 203, F (0) 1 (0) B3 (0) + 85, F (0) 55 (0)° . (1.133)

Let H,: R* = R, H,(z) = (x, a), be the height function in the direction of a € R?, a # 0.
Denote by h, the restriction of H, to .S, see Example 1.26. Recall that p is a critical point of
h, if and only if 7,5 L a. For example, for a = (0,0, 1) we have the standard height function,
which has 4 critical points on the torus as shown on Figure 1.21 below.

Proposition 1.134. Let n be an orientation of S. Then for any p € S we have

II, = —Hess, (hn(p)) )
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ho,0,1)

Figure 1.21: Critical points of the standard height function in the torus

Proof. Observe first that 7,,S | n (p) implies that p is a critical point of h,, ().
Given v € T,,9, choose a curve y: (—¢,¢) — S such that v (0) = p and 4 (0) = v. Then

d2

Hess,, (hn(p)) ~ae

v (t),n(p)) = (7(0),n(p).

t:0<
Howeyver,
Yes =  AMeTwS vt =  (3().0H®)=0 v

Differentiating the last equality in ¢, we obtain

{(7(0),n(p)) + (¥ (0),dpn (7(0))) = 0.

where the second summand equals 11, (v). This yields

I, (v) = = (5 (0),n (p)) = —Hess,, (huy)) -

Fix p € S. Without loss of generality assume that
p=0€R® and n(0)=(0,0,1).

This can be always achieved by applying a translation and a rotation in R3,
Since the shape operator don: TpS — TpS, where TyS = R?, is symmetric, dyn has two
real eigenvalues, say k; and k. Consider the following cases:

A) If K (p) > 0, then det(d,n) = k; - ko > 0 so that k; and k, are either both positive or
both negative. Hence, Hess, (hn(g)) is either positive-definite or negative definite, that is
the height function in the direction (0,0, 1), which is simply z |, has a local minimum or
local maximum at p = 0. Hence, there exists a neighbourhood U of p in S such that U
lies either above or below 7},S as shown on Figure 1.22 below.

B) If K (p) < 0, then z|g attains both positive and negative values on each neighbourhood
of p. In other words, in any neighbourhood of p there are points in S above and below
TS as shown on Figure 1.23 below.

Remark 1.135. If K (p) = 0, in general one cannot say anything about the position of .S relative
to 1,,S.
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—

Figure 1.23: A local shape of a surface with negative curvature: the saddle surface

1.11 Surfaces of positive curvature and the Gauss—Bonnet
theorem

Throughout this section, assume that .S is a smooth connected surface.

Theorem 1.136 (Jordan separation theorem). If S is closed as a subset of R3, then R3\S has
exactly two connected components, whose common boundary is S. 0J

Remark 1.137. The Jordan separation theorem is a well-known result from topology. However
its proof relies on certain results, which are typically not proved in a standard course in topology.
Hence, we take the Jordan separation theorem as granted. An interested reader may find a proof
in [MRO9, Thm. 4.16].

If S is compact, then one and only one component of R?\S is bounded. This bounded open
domain is called the inner domain of S. The unbounded domain is called the outer domain of

S.
Corollary 1.138. Any compact surface in R? is orientable.

Proof. Let S C R® be a compact surface. Without loss of generality we can assume that S is
connected (otherwise, pick a connected component of .S).

Pick a point p € S. A unit vector n, which is normal at p, is said to be pointing outwards, if
there exists € > 0 such that p 4 tn € Q,,, for all t € (0, ), where €2, is the outer domain of
S.
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g

Pick a neighbourhood W of p in R? and a smooth function ¢: W — R such that SN W =
¢~ 1 (0)and Vi (z) # O forall z € W.

Exercise 1.139. Show that ¢ < 0 and ¢ > () (or the other way around). In other
Qi W QoutNW

words,
Qi "W ={p <0} and QuunNW ={p >0},

which we assume for the sake of definiteness.
Since
e(p+tVe () =¢ @) + Vo) - t+0*) =0+[Ve(p)|* - t+O0(t*) > 0

Ve(p)
[Veo(p)l

is pointing inwards.

provided ¢ > 0 is sufficiently small, we obtain that is pointing outwards for any p €

Ve(p)
[Vo(p)l

Let W be any other open subset of R3 and § € C'* ( W ) such that

S N W. A similar argument shows that —

SAW=¢"1(0), V@@)£0 VreW,
Qmﬂ/W:{gB<0} and Qoutﬂ/W:{g3>0}.

Then “22) g necessarily pointing outwards. In particular,

Vo)
Vo (p) Vo (p) =
— = VpeWnWwnses.
Vo) [Ve(p)|
That is -
vegy pesnw,
=9 ooy _
o) UpeSnw,

is well-defined and smooth on S N (W U /W)

—~

SNwW

D

Snw

Since we can cover all of S by such subsets, n is a well-defined unit normal field pointing
outwards. O
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Corollary 1.140. Let S be a compact surface with positive Gauss curvature. If n is the unit
normal field pointing outwards, then the second fundamental form of S with respect to n is
positive-definite.

Proof. Notice first that the second fundamental form of S with respect to the outwards pointing
normal field is either positive-definite or negative-definite everywhere on .S, because S is connected.
Thus, it suffices to find a single point p on .S such that II,, is positive-definite.

Since S is compact, there exists some R > 0 such that the closed ball Bx(0) of radius R
centered at the origin contains S. Decreasing R if necessary, we can find a new number R > 0,
still denoted by the same letter, such that S C Bx(0) and S N dBx(0) # 2.

Let p be a point in S N dBx(0) and v any curve on S through p. Clearly, the function
t — ||7(¢)||* has a maximum at ¢ = 0 which yields

0=do| I = 2(300), p)

Hence, 7,5 = p*. Moreover, the vector p is pointing outwards, hence n(p) = p/|p|. Now it is
clear that the height function h,,(,) has a maximum at p and therefore

Hess(hyp)) = -1, <0 < II,>0.
O

Proposition 1.141. Let S C R? be a compact connected surface. If K (p) > 0 forall p € S,
then );,, is convex, that is

x,y € Qin - [a:,y] - Qina
where [x,y] is the segment in R? connecting x and y. In particular, Q;, is also convex and,
moreover, if v,y € S, then |z, y[ C Qip.

Proof. Assume 2 = ), is not convex. Consider A == {(z,y) € Q x Q| [z,y] C Q}.
Notice that

* A+# @, since (z,z) € Aforall x € €

o A # Q) x (), since otherwise () were convex.

Then the topological boundary 0A of A C Q x  is non-empty. This means the following:
there exist sequences &, Yn, ., ¥, € 2 such that

Tp, o, —x €Q, and y,,y, — y € Q such that
[0, yn] CQ and [z, 9,] £ Q.

Exercise 1.142. Show that there exists z € [z, y] N I, where 92 = S, such thatv =y — z €
T.S. In particular, [z, y] C T.S.

Assuming Exercise 1.142, we proceed as follows. Let nn be a unit normal vector at z pointing
outwards (locally, so that a neighbourhood of z in S is located below the tangent plane). Then
Hess,h,, < 0 so that h,, has a strict local maximum at z. Furthermore, we can assume that

z=0, n=(0,0,1), v=(1,0,0), and S={(u,v,f(u,v))}

in a neighbourhood of the origin.

Consider the curve v: (—¢,£) — S given by v () = (¢,0, f(¢,0)). Since 7 (t) lies above
(¢,0,0), we must have f (¢,0) > 0 and f (0,0) = 0. Hence, t = 0 must be a point of local
minimum for the function ¢ — f(¢,0). However, this is impossible, because h,ovy: t — f (¢,0)
must have a strict local maximum at ¢ = 0. U
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Proposition 1.143. Let S be a surface with positive Gauss curvature. The affine tangent plane
1S ={p+v|veT,S}
intersects S at p only.

Proof. Assume g € TS N S and q # p. Then |p, g € €2, by Proposition 1.141. However, the
positivity of the Gauss curvature implies that all points in a neighbourhood of p in 77 lie in
Qoue- This is a contradiction. O

Theorem 1.144. Let S be a compact connected surface. If K (p) > 0 for all p € S, then the
Gauss map n: S — S? of S is a diffeomorphism.

Proof. The proof of this theorem consists of the following steps.
Step 1. The Gauss map is a local diffeomorphism.

Since K (p) := det (d,n) # 0, d,n is an isomorphism. Hence, n is a local diffeomorphism
by Theorem 1.70.

Step 2. The Gauss map is surjective.

Since S is compact and n is continuous, n (S) C S? is a compact subset. Therefore, n (S)
is closed, because S? is Hausdorff. Also, n (S) is clearly non-empty.

Furthermore, Step 1 implies that n (S) is open. Since S? is connected, we must have n (S) =
S2.
Step 3. The Gauss map is injective.

Given n € S? consider the height function
H,: Qi — R, x+— (n, )

so that H,,| _ = h,,. Notice that any point of local maximum of H,, must be on 0, = S,
Oin=5

since VH,, # 0 at any interior point of {;,,.

Assume H, has two distinct points of local maxima. Denote these points by p and q.
Without loss of generality we can assume H,, (p) > H, (¢). It is convenient to consider the
following two cases separately.

Case 1. H, (p) > H, (q).

In this case for any ¢ > 0 we have

Hy(tp+ (1 —1t)q) =tH, (p) + (1 —t) Ha (q)
> tH, (q) + (1 — 1) Hy (q) = Hy (q) .-

Fort > 0 andt — 0, we have p; .= tp+ (1 —t)q — q and H, (p;) > H, (¢). Thus, ¢ cannot
be a point of local maximum for H,,.
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Case 2. H, (p) = H, (q).

We have
H, (p) = Hy(q) <= (n,p—q) =0
—=p—qcT,S
= p+tp—q €T,S vVt € R
= qeTys
— q=0D.
However, this contradicts the assumption that p and ¢ are distinct.

Thus, H,, has at most one local maximum on ;,,. Since €2, is compact, such point must
exist, so that H,, has a unique point of local maximum p, which lies on S. Then p is also a
unique point of local maximum for h,,, that is a unique solution of n (¢) = n. This finishes the
proof of Step 3.

The proof of this theorem now follows easily from the preceding steps. Indeed, Steps 2
and 3 yield that the inverse of the Gauss map exits and Step 1 immediately implies that n=! is
smooth. 0J

Corollary 1.145. Let S be any compact surface with positive Gauss curvature K. Then

/K = 4m. (1.146)
S
Proof. The claim of this corollary follows from the following computation

/SK:/S\K|:/S]det(dn)]:/Szlerea(SQ):47r,

where the first equality follows from K > 0, the second one from the definition of K, and the
third one from Theorem 1.116. U

Remark 1.147. It turns out that albeit we did use the hypothesis & > 0 in the proof, (1.146)
still holds for any S diffeomorphic to S2.

Figure 1.24: Surfaces with 0 holes (the sphere), 1 hole (the torus), and 2 holes

Even more generally, let g denote the number of "holes" of S' as shown on Fig. 1.24. Then

we have
/K =4r (1 —g)
S

provided S' is compact and orientable. This is the celebrated Gauss-Bonnet theorem.
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1.11.1 A solution of Exercise 1.142

Since [2!,,y.] ¢ €, there exists some ¢, € [0, 1] such that 2/, = t,z/ + (1 —t,)y, & Q. By
the compactness of [0, 1], there exists a subequence t,,, converging to some ¢ € [0, 1]. In fact,
t € (0,1) since the endpoint of [z, y] belong to €2 by construction.

Furthermore, any neighbourhood of z := tz+(1 — t) y contains points from the complement
of (2, for example z,, for m sufficiently large. However, any neighbourhood of z contains also
points from (2, for example z,,, = t,,, s, + (1 —t,,) Yn,, provided m is sufficiently large.
Hence, z € 002 = S.

Assume v ¢ T,S. Then any neighbourhood of z in [z, y| would contain points both from (2
and R3\Q2. Indeed, if S is given by the equation ¢ (p) = 0 in a neighbourhood of z, then

vgT.S <= (Vp(2),v)#0 = ¢(z+tv)=0+tVe(z),v)+0 (£).

Hence, since Vi (2) # 0, ¢ takes both positive and negative values on [z — €v, z + ev]. This is
impossible, since otherwise [z, , ¥y,.| cannot be contained in 2.
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Chapter 2
Manifolds

There is a number of ways we could generalize our discussion of surfaces.

Hypersurfaces.  These are subsets S C R¥*! admitting (smooth) parametrizations 1): V —
U C S,V C RF in a neighbourhood of each point just as in the definition of the surface.
Virtually all notions and theorems about surfaces we have seen above generalize immediately
to this case (together with proofs), since the condition £ = 2 was never used in an essential way.

Embedded submanifolds. Roughly speaking these are "k-dimensional surfaces in R¥+!",
More formally, we could call S C R¥*! a k-dimensional submanifold, if S admits parametrizations
Y:V — U C S, where V. C RF is open and D1 is injective at each point. Most of the
statements about surfaces we have seen above generalize to this case too (and rather trivially)
except the very last section involving the Gauss map. It generalizes too, however, this requires
some extra work and, more importantly, not all statements made for surfaces hold true in this
case.

An interested reader may find further details for example in [Tho79] or [GP10]. However,
even higher degree of abstraction is required for applications. Therefore, we consider below
what is known as abstract manifolds skipping the above intermediate steps. Abstract manifolds
are basically “surfaces”, which are not necessarily contained in any ambient Euclidean space.

2.1 Abstract manifolds

Definition 2.1. A Hausdorff topological space M is said to be a topological manifold of dimension
k € Ny, if M is locally homeomorphic to R*.

To explain: for all m € M there exists a neighbourhood U C M and a homeomorphism
©: U— V C R¥, where V is open. A pair (U, ) is called a chart on M.

Example 2.2. Any surface is a topological manifold of dimension k = 2.

Example 2.3. S* is a topological manifold of dimension k. This can be seen by covering S*
by two charts just in the case k = 2.

Example 2.4 (A non-example). The union of two intersecting lines, which can be described
more explicitly as {(z,y) € R? | % = y?}, is not a topological manifold. This should be
compared with Examples 1.12 and 1.18.

Definition 2.5 (Smooth manifold).
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Figure 2.1: The union of two intersecting lines is not a manifold

e A collection U = {(U,, @) | & € A} of charts on M is called a C-atlas, if

| Ua =0

aEA

o A (C'-atlas is called smooth, if each coordinate transformation
Oas = pa° 95 95 (Ua NUp) — pa (Ua N Up)
is smooth, where ¢35 (U, N Ug) C R* and ¢, (U, N Ug) C R*.
* A smooth manifold is a topological manifold equipped with a smooth atlas.

Example 2.6.

1) R* with a single chart (Rk, id) is a smooth manifold. More generally, any open subset of
R* is a smooth manifold.

2) Any smooth surface is a smooth manifold of dimension n = 2.
3) S* is a smooth manifold of dimension k.

4) The real projective space is defined as follows:

RP* = the set of all lines in R**! through the origin;
= R\ {0} /~, (xoy ... xk) ~ (AT, ..., Azg) for some A € R\ {0} ;
=5/ ~, T~ —T.
Define the topology on RIP* as the quotient topology of R*+1\ {0}, that is U C RP* is

declared to be open if and only if 7! (U) C R*™\ {0} is open, where 7: R*1\ {0} —
RP” is the quotient map.

For example, the reader should be able to show following Fig. 2.2 that RP' is homeomorphic
to St

Define
U, ::{[:170: ...:xn]ERPij#O} j=0,..., k.

Uj is open, since
71'_1 (UJ) = {(.CE(), c. ,xk) S Rk+1\ {0} | X 7& O}

is open. Furthermore, consider the map ¢, : U; — R*

Zo Ti1 Tj41 T
v; ([x]) = <— s ,—H ,...,—).

)
ZLj Lj Lj ZLj
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5)

Draft

Figure 2.2: A homeomorphism between RP' and S*

Exercise 2.7. Show that ; is continuous. (Hint: If X is any topological space, a map
f: RP* — X is continuous if and only if f o 7 is continuous.)

Then

% Rn—>UJ, wj(yo,...,ykfl) = [3/01 et Yt 1: Yjio.oo ykfl]

is the inverse of ;. In particular, ¢; is a homeomorphism. Thus,

U={(Uj,p;) | j=0,....k}
is a C%-atlas on RP*.

Consider the coordinate transformation fy; = @y © @] = g © 11, which is given by

Loyy Y-
601 <y07"'7yk—1) = %o ([905 L Yo ..o yk—l]) = <_7_17_27"‘7_1
Yo Yo Yo Yo
and is smooth on {y € R* | yy # 0} = ¢y (UgNU;). A similar argument yields that
each 0;; = p; ° goj’l is smooth. Thus, / is in fact a smooth atlas.

Remark 2.8. For k = 2 we obtain a smooth manifold of dimension 2, however it turns
out that RPP? cannot be represenetd as a surface in R3. We would have discovered this
manifold if we would consider non-orientable surfaces more carefully. Indeed, the Gauss
map of a non-orientable surface S C R? is naturally defined as a map

S35 p— (T,5)" € RP

Products: If M and N are smooth manifolds of dimensions k£ and [ respectively, then
M x N is a smooth manifold of dimension k + [. Indeed, if U = {(U,,¢,) | o € A} is
a smooth atlas on M and V = {(V,&s) | 5 € B} is a smooth atlas on [V, that

W::{(Uaxv/g,@axﬁgﬂaeA,5€B}

is a smooth atlas on M x N.
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Exercise 2.9. Find the coordinate transformations for the atlas VV and show that these are
smooth indeed.

In particular,

(i) TF = S' x ... x S'is a smooth manifold of dimension k;
(ii) the cylinder R x S* is a smooth manifold of dimension 2.

A smooth atlas does not need to be unique. For example, on S? we can choose

U={ (SN} on) (S {S} ¢s) }

or the atlas consisting of 6 hemispheres. However, we have seen that the resulting notions (e.g.
the space of smooth functions on S?) do not depend on this choice. The crucial point is that
the charts of these two atlases are smoothly compatible, that is the corresponding coordinate
transformations are smooth. This motivates to the following definition.

Definition 2.10. Two atlases i = {(U,, ¢a) |a € A} and V = {(Vg,&3) | 5 € B} on the
same topological space M are said to be equivalent if / U V is also a smooth atlas, that is if

§pops  and g0
are smooth for all « € A and for all g € B.
Definition 2.11. A smooth structure is an equivalence class of atlasses.

In the sequel we shall feel free to replace an atlas by an equivalent one.

2.2 Smooth maps

Let (M,U) be a smooth manifold.

Definition 2.12. A function f: M — R is called smooth, if for all @ € A the coordinate

representation
Fo=fop':R* — R

with respect to (Uy, ¢4 ) is smooth.

Just as in the case of surfaces each F), is defined on an open subset of R”, namely ¢, (U,).
This should be clear by now and will not be mentioned explicitly below unless really necessary.

Exercise 2.13. Let f: M — R be a function. If U ~ V), show that f is smooth with respect to
U if and only if f is smooth with respect to V.

Proposition 2.14. The set C*° (M) of all smooth functions on a smooth manifold is an algebra,
that is
f,9€C> (M)
ApeR
f,gec=M) = f-geC™(M).

= A +ugeC>(M);

The proof of this proposition is similar to the proof of Proposition 1.28 and is left as an
exercise to the reader.

More generally, let (M,U) and (N,V) be two smooth manifolds of dimensions %k and !
respectively.
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Definition 2.15. A map f: M — N is said to be smooth, if each coordinate representation
ggofop,': RE— R

is smooth.

Proposition 2.16.

fGC“(M;N)}

== of e C*(M;L).
g€ C®(N:L) g°f (M5 L)

Again, the proof of this proposition is a verbatim repetition of the proof of Theorem 1.39.
Also, just in the case of surfaces, we have the notions of a diffeomorphism and a local
diffeomorphism.

2.3 The tangent space

If M is an abstract manifold and v: (—¢,e) — M is a smooth curve, then 7 (0) does not make
sense in any obvious way. Hence, our definition of the tangent space does not immediately
generalize to the present setting.

To come up with a suitable generalization, observe the following: v € R* is the tangent
vector of a curve y: (—¢,¢) — R¥ ~(0) = p, if and only if

yt)=p+v-t+ol(t) as t — 0.
Hence we may consider the following equivalence relation: two smooth curves y;, v, : (—¢,¢) —
R* such that v, (0) = p = 7, (0), are said to be equivalent if v, (t) — v (t) = o ().
Our observation above yields immediately the following.

Proposition 2.17. v, ~ v, <= 71 (0) = 52 (0). OJ

Hence, we may identify R", which is thought of as a tangent space of R" at p, with the set
of equivalence classes of curves through p. Explicitly, the map ~ + 5(0) induces a bijection

{7 17(0) =p}/~— R"™

Thus, we may think of tangent vectors at a given point p as classes of curves through p. This
approach generalized to manifolds as follows.

Definition 2.18. Let M be a smooth manifold of dimension k. Pick a point m € M. Two
smooth curves y1, Vo (—¢,¢) — M such that v, (0) = m = 7, (0) are said to be equivalent, if
for any chart (U, ¢) such that m € U we have

Qo ~grk oYy <= oy (t)—poy(t)=o(t). (2.19)
An equivalence class of curves is called a tangent vector at the point m.

Lemma 2.20. If (2.19) holds for some chart (U, ) containing m, then (2.19) holds for any
chart containing m.
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Proof. Let (ﬁ, @) be any other chart such that m € U. Denote p == ¢ (m). Then

)

() —Fer(t)=Fep lopoy (t) —Fop lopor (i)
=001 (t) =00 (1)

Since @ is smooth, 6 is Lipchitz, that is there exists L > 0 such that
|0(x) =0 (y)| < Llz —y|  Va,yeBs(p),
where 0 > 0. Hence,
001 (t) =00 B2 (t)| < LB () = B2 (1) | = 0 (),
because (3 (t) — fa (t) = o (t). O

Definition 2.21. The set T,,M = { [7] | v is a smooth curve through m} is called the tangent
space of M at m.

Exercise 2.22. Let V' be a vector space and ®: X — V a bijective map, where X is an arbitrary
set. Then there is a unique structure of a vector space on X such that ® is an isomorphism. In
fact, we have

Az=0" (N 9(z)) and 21+ 25 =0 (P(z1) + D(x2)).
Proposition 2.23. T,, M is a vector space of dimension k.

Proof. Pick a chart (U, o) containing m and suppose ¢ (m) = 0 € R*. Consider the map

d
{y|7(0)=m} —R", — | _per(D), (2.24)

where + is the smooth curve in M and, hence, ¢ o 7 (t) is the curve in R¥.

Exercise 2.25. Show that this map is surjective.

If 1 ~ 79, then B; = @ oy ~ By = o so that By (0) = By (0). Therefore, (2.24)
induces a surjective map ¢, : T,, M — R¥, which is in fact bijective, since

o nl =] = Bh~p = A (0) = B, (0).
Thus, we define the structure of a vector space on 7}, M so that ¢, is a linear isomorphism.

Exercise 2.26. Show that the following holds:

() Ify € T,,M and X € R, then A [y] = [y (\)];

(i) For two curves 1, v, through m define

YA) = (B () + B2 (1)),

where 3; := ¢ o ,. Show that  is a smooth curve through m and
] + ] = 1]
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We still need to show that the structure of the vector space on 7, M does not depend on the
choice of the chart (U, ¢). To this end, let (U, 7 ) be another chart such that m € U. Let

d

ot TuM —R*, 7] — o

Som (i
P (t)

be the corresponding map. Denoting temporarily by -+, the addition obtained via ., we obtain

V] = ] +¢ [l — B(0) = B (0) + B2 (0),

where (1) = @ (£) and 3; (t) = ¢ »; (). Denote B (t) = B o (t) and B (t) = 3o 7; (1),
Then

B:@of}/:@o()@flo(pof}/zeoﬁ = B(O):DPQ(B(O))
Similarly, we have j3; (0) = D,0(5;(0)).
Since D,0 is a linear map, we have

~

B(O) = D,0 (51 (0) + Ba (0)) = D,0 (51 (0)) + Dyt (52 (0) ) = B\l (0) + B2 (0) .

Hence, if [y] = [11] +, [12], then also [y] =[] +5 [72]-
The fact that the multiplication with scalars is independent of the choice of a chart follows
immediately from Exercise 2.26, (i). O

Notice that the origin in 7}, M is represented by the constant curve ~y (£) = m (or any other
curve equivalent to this one).

Remark 2.27. The proof of Proposition 2.23 implies the following. Let (U, ¢) be a chart on M
and m € U. Denote ¢ (m) = p € R¥ and define v;: (—¢,¢) — U,~; (0) = m by

weo;(t)=p+(0,...,0,¢0,...,0).

where the non-trivial component is at the j** place. Then

eo = ([l [nl) (2.28)

is a basis of T, M.

At his point for a surface S C R?® we have two definitions of the tangent space. The
following proposition shows that these are equivalent.

Proposition 2.29. If S C R? is a smooth surface, then T,S in the sense of Definition 2.21 is
naturally isomorphic to the tangent plane of S.

Proof. Denote temporarily the tangent plane of S at p in the sense of Definition 2.21 by E,,.
Consider the map

T,5 — E,,  [y]—%(0). (2.30)

Exercise 2.31. Check that this map is well-defined, that is independent of the choice of the
representative.
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This map is linear. Indeed, if ¢ is a parametrization at p such that ¢) (0) = p and

Y=o B, Yo =1 o B

then [y1] + [72] is represented by the curve ¢ — 1 (5 (t) + B2 (t) ) = 7 (¢). Hence

7 (0) = Doy (51 (t) + B (t) ) = Do) (51 (t)) + Dot (52 (0)) =41 (0) + 52 (0) .
That is [1] + [72] € T,,S is mapped onto 4, (0) + 2 (0).

Since A [y] = [y (A\)] — %) v (At) = Ay (0), we see that (2.30) is linear. Since this map
i

is clearly surjective and 7},S and_Ep have equal dimension, (2.30) is an isomorphism. 0

Exercise 2.32 (The tangent space of a vector space). Let V be a finite dimensional vector space.
Show that for any v € V the map v — 7(0), where 7 is a smooth curve through v, induces a
natural isomorphism 7,V — V. Thus, in the sequel we identify 7,V with V without further
comments.

2.4 The differential of a smooth map
Let f: M* — N'be a smooth map.
Definition 2.33. For m € M the map
A f: TnM — Tpe)N, [y > [f 2]
is called the differential of f at m.

Proposition 2.34. The differential is a linear map. If (U, ) is a chart on M such that m € U
and (V,) is a chart on N such that f (m) € V, then d,,, f is represented by the Jacobi matrix
of F .= 1o f o1 with respect to the bases e, and e, that is

dnf(ep) = ey Dy, F.
Proof. Assume for simplicity
@ (m) =0¢cRF and Y (f(m))=0€eR

For v: (—¢,g) — M such that v (0) = m, denote 3 := pov: (—¢,&) — RF.
We have
foy=FfopTtopoy=fopTlop.

This yields
d d .
Vulfor] = a’t:[)(?ﬂof"@*loﬁ(t)) = at t:O(FOﬁ(t)) :DDF(ﬁ(O))-
F
d

By noticing the following 3 (0) = &

oy (t) = p. 7], we obtain
t=0

Vuldm [ ((V]) = DoF o [y] Vo — dnf =1 e DoF o,

Since 1!, DoF, and ¢, are linear, we obtain that d,,, f is linear too.
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Furthermore, by the definition of e, see (2.28), we have Bj (0) =(0,...,0,1,0,...,0) =
e;. Hence,
OF; .
Uil f ([33]) = DoF (ej) = ) 5~ &,
i—1 9L
where (€1, ...¢;) is a standard basis of R’. Hence,
OF, _ LOF,
f ’YJ (Z ax] ) — 8$]H,(6_2
= 7]
oF, oF,
. N or1 77 Oxg
(dmf[’yl],,dmf[’yk]):([fyl],,[’yl]) .
o o8
ox1 U Oz
where [7;] is the i element of e, This finishes the proof of this proposition. O

Exercise 2.35. Just as in Exercise 2.32, for a finite dimensional vector space V identify 7,V

with V. Show that if A: V' — W is a linear map, where IV is another vector space, then
d,A=A.

Proposition 2.36. For any smooth manifolds M, N, K and any f € C*(M;N) and g €
C> (N; K) we have

din (9° f)
Proof. For any [v| € T,,M we have

A (9o f) [V =1ge fovl=1g

= df(m)g o dmf.

o (fon] = dimyg ([f oY) = dgmyg (dm f [7]) 5
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where the third and fourth equalities follow from the definitions of d(,,)g and d,,, f respectively.
OJ

Corollary 2.37. If f: M — N is a diffeomorphism, then d,,f: T, M — TN is an
isomorphism. Conversely, if d,, f is an isomorphism, then f is a local diffeomorphism atm. [

2.5 Submanifolds

Think of R**! as R* x R!, where k > 1,1 > 1. We have the maps

Lo: Rl — RFH 2 (y) = (0,9)
WQZRk—H —>Rl7 Uy (xvy):y

where € R¥ and y € R
Let f: R¥* — R’ be a smooth map, which is defined on some neighbourhood U of the
origin. For any point py = (¢, yo) € U we have the following linear map

D, f(po): RE 25 RE+E 2l e, (2.38)

For example, if & = ¢ = 1, we have D, f(py) = %(po). For this reason, we call (2.38) the
partial derivative of f with respect to y (at the point py).

To simplify the notations it is convenient to assume that p, is the origin and f(0) = 0,
although this is immaterial.

Theorem 2.39. If D, f(0) is an isomorphism, then there exists a smooth map 0: R¥™* — RF
which is a local diffeomorpism at 0, such that 6(0) = 0 and

f of = i)
holds in a neighbourhood of the origin.

Proof. Define
g: RFFES R by g(z,y) = (2, f(2,)). (2.40)

Then for the differential of g we have

Do) = <Didj§€0) Dy?"(())) = O (Z> - (Dxf Ot Dy <O)“) |

where u € R* and v € R’.

If (uv) € ker Dg(0), then v = 0 and D, f(0)v = 0. However, D, f is an isomorphism
by assumption of this theorem, so that v = 0. Therefore, Dg(0) is injective and, hence, an
isomorphism.

By the inverse map theorem, there is a local inverse #: R** — R*** to g, that is in a
neighbourhood of the origin we have

got = idgr+e — Ty = Ty o idpr+e = Mgogof = fof.
Thus, the theorem is proved. U
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Corollary 2.41 (The implicit function theorem). Suppose that the assumptions of Theorem 2.39
hold. Then there exists a neighbourhood V; of 0 € R¥, a neighbourhood Vs of 0 € RY, and a
unique smooth map h: Vi — V5 such that

flz,y) =0 <= y=h(z) (2.42)

whenever (x,y) € Vi x Va.
Furthermore, denoting W := f~1(0) NV} x Va, the map

1/1::7T1‘W:W—>V1, (x,y) —x
is a homemorphism, that is (W, ) is a chart on f~*(0) near the origin.

Proof. Let 0: U — 6(U) be the local diffeomorphism provided by Theorem 2.39. Pick any
open subsets V; and V5 as in the formulation of the theorem such that V; x Vo, C U. Forz € V}
define h(z) := m © 0 (z,0). Furthermore, for (z,y) € Vi x V5, denote

(z,w) =07 (z,y) = g(z.y) = (=, f(2,9))-
Here we used the fact, that g, which is given by (2.40), is the inverse of 6. Then

flay) =0 = 0=fc0c0 ' (z,y)=Ffob(z2,w)=w
- (2,0) = (:v,f(x,y))

Hence, z = x and (z,y) = 0(z,0), which yields in turn y = h(z).
Furthermore, for any x € V; we have

(2,0) = g0 (x,0) = g(m 20 (z,0), mo0(z,0))

From the definition of g we obtain z = m; »  (x,0) and, hence, 0 = f(z, h(z)).
To show the uniqueness, notice that

f(:c, h(:c)) = - g(a:,h(a:)) = (:z:,f(:c,h(a:))) = (z,0)
f(x, iz(:p)) - g(x,ﬁ(a:)) = (z,0).

0
0
Since g is a local diffeomorphism, we obtain h(z) = h(z) provided x is sufficiently close to the

origin.
Furthermore, notice that the map

Vi— W, z — (z,h(z))
is a continuous inverse of ¢. Hence, v is a homeomorphism. 0

The hypothesis of Corollary 2.41 implies that the differential of f at the origin is surjective.
In fact, the surjectivity of the differential is decisive in Theorem 2.39 and Corollary 2.41,
whereas the hypothesis that D, f(0) is an isomorphism can be achieved by a linear change
of coordinates, see the proof of Theorem 2.47 below for some details.

Definition 2.43. Let N be a smooth manifold with an atlas /. A chart (U, ¢) is said to be
smoothly compatible with I/ if U U {(U, )} is again a smooth atlas.
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The above definition simply means that both ¢ o ¢! and ¢, o ¢! are smooth for any chart
(U4, 9a) € U. Equivalently, this means that p: U — »(U) C R” is a diffeomorphism.

The proofs of Theorem 2.39 and Corollary 2.41 show that in the setting of these theorems
there is a chart (U, ) on R¥™* smoothly compatible with & = {(R*,id)} such that (U N
N) C R¥ x {0}. This motivates the following.

Definition 2.44. Let N be a manifold of dimension £ + ¢. A subset M C N is said to be
a submanifold of dimension k (or k-subamnifold), if for each point m € M there exists a
smoothly compatible chart (U, ¢) on N centered at m such that

e(UNM) = oU)N (RF x {0}) (2.45)
holds. Under these circumstances, the chart (U, ¢) is said to be adapted to M.

Below we consider only charts smoothly compatible with a given atlas and therefore this will
not be mentioned explicitly each time. Alternatively, given a smooth atlas ¢/ one can always
replace U by the unique maximal atlas containing /. Thus we can assume that I/ is maximal
from the very beginning and in this case any chart smoothly compatible with ¢/ is contained in
U so that one can simply talk about charts (from a maximal atlas).

Notice that if (U, o) is an adapted chart, then (M N U, ) is a chart on M, where

b =mop| s UNM =R
Proposition 2.46. A k-submanifold is a smooth k-manifold.

Proof. By its very definition, a k-submanifold is equipped with a C°-atlas I/, consisting of
restrictions of all adapted charts.

I claim that this atlas is in fact smooth. Indeed, let (Ui, ¢;) and (Us, p2) be two charts
adapted to M. Denoting by 7, : R*¥ — R+ the inclusion 2, (x) = (x,0), we have

Py oy (z) = ?ﬁl(@*l(l’,o)) =T1op1opy ou (z) =mobpo ().
Thus, ¢/ is smooth. O
We are now in the position to state one of the central theorems of this chapter.

Theorem 2.47. Let M and N be smooth manifolds. If n is a regular value of a smooth map
f: M — N and dim M > dim N, then f~'(n) is a submanifold of M of dimension k :=
dim M — dim N.

Proof. Denote
¢ =dim N - dim M =k +¢.

Pick any m € f~'(n) and any charts (U, ) and (V1)) centered at m and n respectively.
Let I = 1 o f o o~ ! be the coordinate representation of f with respect to the charts (U, ¢)
and (V). Since ¢ and 1 are diffeomophisms, we obtain that the differential Dy F' of F' at
the origin is surjective (in fact, D,F is surjective at any point p € F~'(0)). In particular,
dim ker Dy F = k.

Choose a basis (v1, ..., viy¢) of R¥ such that (vy,...,vy) is a basis of ker DyF. Set

k+¢
A: RFHE 5 RFHE Z > E 2iV;.
j=1

Notice that by the definition of A and elementary facts from linear algebra, the following holds:
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e A is an isomorphism;
e Aoy : RF — ker DyF is an isomorphism;

o DoF o Aoy: R — R’ is an isomorphism.
Furthermore, consider the map G := F o A: RF*¢ — R, By Exercise 2.35, we have
DoG:DoFoA — DyG:DOFoAOZ2.

Since the latter map is an isomorphism, by the proofs of Theorem 2.39 and Corollary 2.41 we
obtain a chart (W, £) on R¥*¢ adapted to G~*(0), that is

E(W N G(0)) = £01) 1 (RS x {0)).

Without loss of generality we can assume that 1¥ is contained in A~! (gp(U ))
Various charts involved in the proof are shown schematically on Figure 2.3.

=

ke«

Figure 2.3: Scheme of the proof of Theorem 2.47.
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Define a chart (1, £ ) on R¥ by
(W, )= (A (W), g-471).
Since z € G~1(0) & Az € F~'(0), we obtain
EWNFY0) = (W NGH0)) = W) N (RF x {0}).

Finally, setting

~ A

pri=Cep and Uy =g (EW)) = ¢ (W)
we obtain
o1 (U0 £ ) = E(W N FTH(0) = £0W) 0 (R x {0}) = 1 (U) 0 (R* x {0}).
Thus, (Uy, ¢1) is a chart adapted to f~'(n) at m. O

Notice the following: If dim M < dim N, then n is a regular value of smooth map f: M —
N if and only if n ¢ Im f, see the paragraph following Definition 1.74. In this case f~!(n) = @
is also (by definition) a smooth manifold. Thus, the condition dim M > dim /N can be dropped
in the formulation of Theorem 2.47.

Proposition 2.48. In the setting of Theorem 2.47, for any m € f~1(n) we have
Trnf ' (n) = kerd,, f.
Proof. Pick any curve v in f~!(n) through m. Since v lies in the level set of f, we have
fey(t)=n forallt € (—¢,¢). (2.49)

Since the constant curve ¢t — n represents the zero vector in 7, N, by the definition of the
differential of f and (2.49) we obtain d,,, f ([y]) = 0. In other words any vector [] tangent to
f~1(n) lies in the kernel of d,,, f. O

Example 2.50.

(i) Consider the map f: R — R, f(z) = |z[>. Then 1 is a regular value of f. In
particular, S" = f~!(1) is a manifold of dimension n. Of course, the reader knows this
fact by now very well.

(ii) Let M, (R) be the space of all n x n matrices with real entries. One can show that 1 is a
regular value of the function det: M, (R) — R, A — det A. Consequently,

SL,(R) := {A € M,(R) | det A =1}

is a manifold of dimension dim M,(R) — 1 = n? — 1.

Let us compute the tangent space to SL,(R) at the point 1. To this end, it is convenient
to identify M, (R) with R". Recalling that

det A = Z signdalgu) <+ Upo(n),

Draft 60 January 2, 2024



Differential Geometry I

where o runs through all permutations of the set {1,...,n}, for any B € M,(R) we
obtain

det (L4tB) = (1+tbi)(1+tb)...(1+tbu,)

+ Z sign o (0101) + th101)) (6202) + tha02)) - - - (Ono(m) + thrawm))-
oFid

Notice that for any o # id, o(i) # i at least for two values of 7. Hence, the last term in
the above expression is o(t). This yields

det (1 +¢B) = (1+t tr B+ o(t)) + o(?).
Consequently, (d]ldet) B = tr B and therefore

T3SL,(R) = {B € M,(R) | tr B =0}.

(iii) Let Sym"™(R) C M, (R) denote the subspace of all symmetric matrices. One can show
that the identity matrix 1 € Sym™(R) is a regular value of the map

f: M,(R) — Sym™(R), f(A)=A- A" (2.51)
Consequently,
O(n) := {A e M,(R)| A A" = ]1}
is a manifold and

dim O(n) = dim M, (R) — dim Sym™(R) = n? — n(nz—f— 1) — n(nz— 1).

Notice that if we would consider (2.51) as a map M,,(R) — M,,(R), then 1 would not be
a regular value.

Just like in the case of SL,(R), let us compute the tangent space to O(n) at the point 1.
We have

f(l+sB)=(L+sB)-(L+sB)'=1+s(B+ B')+o(s).
Hence, d; fB = B + B! and

T:0(n) = {B € M,(R) | B'= -B }.

We finish this section by Sard’s theorem, which, loosely speaking, says that for any smooth
map almost any point is a regular value. More precisely, we say that a subset A of a smooth
k-manifold M is of measure zero, if for any chart (U, ¢) on M the set go(A NnU ) C R*is of
measure zero.

Theorem 2.52 (Sard). Let f: M — N be a smooth map between smooth manifolds. Then
almost any point n € N is a regular value of f, that is the set of critical values for f is of
measure zero. 0

A proof of Sard’s theorem can be found for example in [BT03, 9.4] or [Mil65, §3].
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2.6 Immersions and embeddings

Just like maps with surjective differentials can be conveniently described as projections after
applying a diffeomorphisms, the maps with injective differentials admit an analogous description.
We begin, however, with the following auxiliary result.

Theorem 2.53. Let U be an open subset of R* containing the origin and f: U — RF x R be
a smooth map such that f(0) = 0 and

Dofi: RF — R¥, where f|:=myo f,

is an isomorphism. Then there exists a neighbourhood V C R¥** of the origin and a diffeomor-

phism 0: 'V — 6(V) C R such that 0 o f =1, and 6(V N f(U)) = 6(V) N (R* x {0}).

Proof. The proof of this theorem is similar to the proof of Theorem 2.39.
Thus, consider the map

F: U x R* = RF* = RF x R, F(z,y) = f(z) + (0, y) = (fi(z), folz) +y).

Do - <D0f1(0> 0 )

The differential of this map

Do f2(0) idge

is an isomorphism. Hence, there exists a neighbourhood V' of the origin and a diffeomorphism
6:V — 6(V) such that
foF = ldg(v)

In particular, for any (x,0) € #(V) the above equality yields:
GoF (x,0) =00 f(z) =1(x) = Oof=n1.

Hence, (V) N (R* x {0}) C (V N f(U)).
To show the converse inclusion, let (z,y) € (VN f(U)). Hence, there exists some (z, w) €
V' N f(U) such that (x,y) = 0(z,w). In this case we must have (z,w) = f(x) for some x € U
and therefore
(z,y) = 0(z,w) = 0o f(z) = (2,0).
Thus, y = 0 and (z,0) € V, which yields 6(V N f(U)) C (V) N (R* x {0}). O
Definition 2.54. A smooth map f: M* — N’ such that d,, f is injective at each point m € M

is called an immersion. An immersion, which is a diffeomorphism onto a k-submanifold of N,
is called an embedding.

Clearly, an immersion f: M — N can exists only if dim M < dim /N. Notice also, that by
Theorem 2.53 each immersion is locally injective, however an immersion does not need to be
globally injective. Even if an immersion is injective, this may fail to be an embedding. This is
shown schematically on Fugures 2.4 and 2.5 below. In particular, the image of an immersion
does not need to be a submanifold.

Proposition 2.55. An immersion which is a homeomorphism onto its image is an embedding.

Proof. Denote k := dim M and ¢ := dim NN. The proof consists of the following 3 steps.

Step 1. For any m € M there exists a chart (V,1) on N centered at n = f(m) with the
following properties:
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Figure 2.4: The image of a non-injective Figure 2.5: The image of an injective
immersion R — R2. immersion R — R2?, which is not an
embedding.

. dnwl‘lmd 5 Imd,,f — R¥ is an isomorphism, where 1, = m o1 and 7 : R’ =
R¥ @ R* — RF is the projection.
* There exists a neighbourhood U of m such that f(U) =V N f(M).

Since f is a homeomorphism onto its image, f: M — f(M) is an open map. In particular,
for any open U C M there exists an open subset V' C N such that f(U) = V N f(M). If U is
a neighbourhood of m, we can choose a chart (V, £) centered at n such that V' C V.

Furthermore, since d,&: T, N — R’ is an isomorphism and Imd,, f is a k-dimensional
subspace of T, N, we can find a linear isomorphism A: R’ — R such that

A(dng(lmdmf)) — R* % {0}.
Then (V, %) = (V, A< &) is the required chart. Also, setting U := f~' (V') we obtain f(U) =
VN f(M).
Step 2. f(M) is a submanifold of N.

Pick any m € M and a chart (U, ) centered at m. Pick also a chart (V, v)) as in the previous
step. Denote also W := (V) C R

Let F' = 1)o f oo~ ! be the coordinate representation of f. Denoting F, := m o F': R¥ — R¥,
we have

DoFi(0) = Doy e DoF = Domry o dytp o do f © dotp™" = dnthy o di f o doip™"

Since dyp ! is an isomorphism, by Step 1 we obtain that Dy F] is injective. Hence, Dy F} is an
isomorphism. Hence, by Theorem 2.53 we can find a diffeomorphism' §: W — (W) C R
such that

OoF =1 — (90¢)ofo¢_1:zl

Denote 1) := 6 o 1. Then (W, 1)) is a chart on N adapted to f(M).
Step 3. f is a diffeomorphism between M and f(M).

"Without loss of generality we may assume that V' was chosen so that 6 is defined everywhere on W.
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Let (U, ) and (W, 1&) be as in the preceding step. By the construction of 1@, the coordinate
representation of f is 1& o fop™ =1;: RF — R’ Since the restriction of 7 o1 to f(M)NW is
a chart on f(M), the coordinate representation of f viewed as amap f: M — f(M) is given
by

7Tloi/}"fC’SOfl =m o = id.
Hence, f is alocal diffeomorphism. Since f: M — f(M) is bijective, this is a diffeomorphism.
O

Corollary 2.56. If M is compact, then any injective immersion f: M — N is an embedding.

Proof. Pick a closed subset A C M. Since A is closed in M, A is compact and therefore f(A)
is compact in N. Since N is Hausdorff, f(A) is closed. Hence, f is a closed map, i.e., the
image of any closed subset is closed. This means that f~*: f(M) — M is continuous, that is,
f: M — f(M) is ahomeomorphism. The statement of this corollary now follows immediately
from Proposition 2.55. ([l

Theorem 2.47 combined with Sard’s theorem allows us to construct many smooth manifolds,
which are in fact submanifolds of Euclidean spaces. It turns out that any smooth manifold can
be embedded into some Euclidean space, see, however, the discussion in the following section.
Here we prove a version of this result in the case when the manifold under consideration is
compact.

Theorem 2.57. Any smooth compact manifold admits an embedding into some Euclidean space.

Proof. For any m € M choose a chart (U,,, ¢.,). Pick also open neigbourhoods W,,, C V,,, and
a bump function p,, such that the following holds:

o Vin C Up;
* pm|_ = 1land p,, < 1 outside of W y,;
W

m

* p,, vanishes outside of V,,,.

Since M is compact, there is a finite subset {m,...,m, } of M such that {VVZ} cover all
of M, where W; := W,,.. Consider each ¢; := p; - ¢; := ppm, - ¢m, as a smooth map M — RF¥
(extended by zero outside of V,,,), where k£ = dim M. Finally, define

frM = REP by f(m) = (di(m),. . p(m), pr(m), . pp(m)).

Clearly, f is smooth. I claim that this map is also injective. Indeed, pick any two distinct
points m and 7. Without loss of generality, we can assume m € Wi. If i € W, then
@ZJl(m) = gol(m) 7é gol(Th) = @Dl(m) If m ¢ Wl, then 1 = pl(m) 7& pl(m), so that f is
injective indeed.

Furthermore, assuming m € W, again, d,,% : T, M — R¥ is an isomorphism, in particular,
dm)1 is injective. Hence, d,,, f: T,, M — RF¥P*P is injective at any m € M. By Corollary 2.56,
f is an embedding. U

2.7 The second countability axiom, the Whitney embedding
theorem, and the existence of a partition of unity
Let (X, T) be a topological space. Recall that a subset B C T is called a basis of 7 if any point

in X has a neighbourhood U € B. Equivalently, this means that any open subset in X can be
represented as a union of subsets from B.
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Definition 2.58. X is said to satisfy the second axiom of countability (or, simply, X is second
countable) if X admits a countable basis of its topology.

For example, the set {Br(x) | 7 € Qso, = € @”} is a countable basis of the standard
topology of R"™. In particular, R" is second countable.
Notice that any subspace of a second countable space is itself second countable.

Coming back to manifolds, notice that if a smooth manifold M can be embedded into
some Euclidean space, M must be second countable. However, albeit any manifold according
to Definition 2.5 is locally second countable, there may be no global countable base of its
topology. Indeed, since any disjoint union of manifolds is again a manifold, the disjoint union
of an uncountable family of manifolds is not second countable, and therefore does not admit an
embedding into an Euclidean space. For this reason as well as some other ones, it is customary
to restrict attention to second countable manifolds. With this in mind, from now on we replace
Definition 2.5 by the following one.

Definition 2.59. A Hausdorff second countable topological space M is said to be a topological
manifold of dimension k& € Ny, if M is locally homeomorphic to R*. A smooth manifold is a
topological manifold equipped with a smooth atlas (structure).

Of course, strictly speaking, at this point we should check that all constructions of manifolds
we met before yield second countable manifolds if we start with second countable ones. I leave
this as a (simple) exercise to the reader.

It turns out that adding the second countability to the definition of a manifold suffices to
prove the following generalization of Theorem 2.57.

Theorem 2.60 (Whitney’s embedding theorem). Any smooth manifold admits an embedding
into some Euclidean space. 0

The proof of the above theorem is omitted here, but an interested reader may consult [War83]
for a detailed discussion of these matters.

Another topic related to this one is the existence of a partition of unity (subordinate to
a given covering). We have seen in the preceding chapter that partitions of unity are useful
objects: Besides allowing one to define the notion of integral, this is an indispensable tool
for various existence questions which were not discussed here because of lack of time. I just
mention two examples here: Using the existence of partitions of unity one can show, and rather
trivially, that any abstract manifold admits a Riemannian metric and that any smooth function
on a submanifold can be obtained as a restriction of a smooth function on an ambient manifold.

Observe that Whitney’s embedding theorem implies the existence of partitions of unity.
Indeed, we have seen that R™ admits a partition of unity subordinate to any open covering. If
M is embedded into R", one can simply restrict a given partition of unity to M to obtain the
existence on M.

Exercise 2.61. Check that the proof of Theorem 1.101 goes through for any compact manifold
thus proving directly that compact manifolds admit partitions of unity subordinate to any given
open covering.

Whitney’s embedding theorem shows that any (abstract) manifold M can be thought of as
a submanifold of an Euclidean space. In other words, we could have defined manifolds as
subspaces of Euclidean spaces admitting charts” at each point. Some authors do take this point

*More precisely, admitting adapted charts.
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of view arguing that this yields the same pool of examples. While it is true of course that
this yields the same pool of examples, manifolds often do not arise as subsets of Euclidean
spaces. For example, the real projective space is not obviously contained in any Euclidean
space (and it is even not so obvious how to construct an embedding). Even if one decides
to work with submanifolds of Euclidean spaces only, one finds pretty soon that certain useful
constructions, for example taking quotients by group actions, are incompatible with this setting.
More importantly, it is useful to distinguish “inner” properties of manifolds from those of an
embedding. All these reasons led to the necessity to separate abstract manifolds from their
particular realizations as submanifolds.

2.8 The tangent bundle

It is convenient to recall certain constructions from linear algebra first. Thus, let V be a vector
space of dimension k. Any basis v = (vy,...,vg) of V yields an isomorphism

k
R’“—>V, szijj:V'y

Jj=1

Conversely, if ¢: R¥ — V is a linear isomorphism, then the image of the standard basis of R*
is a basis of V. This yields a bijective correspondence between the set of all bases of V and the
set of all isomorphisms R¥ — V.

If w = (wy,...,w) is another basis of V, we obtain the change-of-basis matrix B as
follows. Writing

k
Wi =) biv; (2.62)
i=1
we set B = (b;;). Then (2.62) is equivalent to
w=v-B

where - represents matrix multiplication.

With these preliminaries at hand, suppose that M is a manifold of dimension k. Pick a point
m € M and a chart (U, o) such that m € U. Denote p := ¢ (m) € R*. We obtain a basis of
T,, M as follows:

Vo =V = (['yl],...,[fyk]), (2.63)
where v, (t) = o' (p + te;) and e = (eq, ..., e;) is the standard basis of R¥, see Remark 2.27.

Remark 2.64. As we have seen in the preceding chapter, for a surface S C R? a choice of a
parametrization ¢» = 1 (u,v) yields a basis (8uz/1, &,zﬂ) of Ty(uv)S. For abstract manifolds
(2.63) plays a role similar to the one (&ﬂﬂ, &,dj) plays for surfaces.

If (ﬁ, ) is another chart such that m € U, we obtain another basis
V=V = ([:y\l],,ﬁ/\k]),
where 7; (t) = ¢! (p+ te;) and p = P (m).

Proposition 2.65. Let § == po ' R*¥ — R¥ be the coordinate transformation map. Then
the change-of-basis matrix between v and V is Dpf: v =7 - D,0.
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Proof. Without loss of generality we can assume p = 0 = p. We have
Poy(t)=@op™ opor;(t) =0 (te).
—
te]'

Hence,

d w[w]—d

Z 8% (2.66)

=1

where the partial derivatives are evaluated at the origin (suppressed in the notations).
Notice, however,

(,/50 /’)7@ (t) = te; — dm@ [/’)7@] = €;.
Hence, by (2.66) we obtain

b= 3 B - e (S 2.

where the second equality holds by the linearity of dm®.
Since @: U— go(U) C R¥ is a diffeomorphism, d,, is an isomorphism. Hence,

ol =3 5 B

which finishes the proof. 0

Consider the set
T™ = | | T.M,
meM
where the symbol LI denotes the disjoint union.
This comes equipped with the map

m: TM — M, T(v) =m<=veTl,M.

Example 2.67. Just as in Exercise 2.32 for a vector space V with the help of the canonical
isomorphism 7,V = V we obtain

TV =| [{v}xV=VxV
vev

and 7 (v, w) = v is the projection onto the first component.

Furthermore, for any chart (U, ¢) on M we have a basis v,y of T;, M for each m € U.
Therefore, we obtain the bijection

UxRF — 771 (U) = |_|TmM, (m,y) |—>V@(m)~yzzyj [%m]a

meU

where 7" (t) = ¢~ (¢ (m) +te;). Combining this with ¢: U — ¢ (U), which is also a
bijection, we obtain a bijective map

T:Tpiw(U)XRk—)ﬂ'il(U), (x,y)r—>v¢(m)-y:Zyj[”y?},

where m = ¢~ 1 (2).
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Theorem 2.68. Let U = { (U, p,) | a € A} be a smooth atlas on M. There exists a unique
Hausdorff second countable topology on T'M such that

V:{(ﬂ'*l(Ua),T;l) |a€A}

is a C°-atlas on TM, where 7, = Too- In fact, V is a smooth atlas so that T'M is a smooth
manifold of dimension 2k. Moreover, 7 is a smooth map with surjective differential at each
point.

Proof. The proof consists of the following steps.

Step 1. For the coordinate transformation © .5 = 7, * o 75 on T M we have

Ous (2, y) = (fup (), Dubas - y).
In particular, © 3 is smooth.

Denote 73 (x,y) = v thatis pg (7 (v)) = xand v = vg (gogl (2))-y. Denoting m = @51 (x)
and recalling Proposition 2.65, we obtain

vg (m) = va (M) Dybas.
Denoting also 7, ! (v) = (s,t) € RF x R*. Since v = v (m) - y = v, - Dl,s - y, we obtain

s=p . (1 (V)) = (9051 () = bagp () and t =Db,s-v.

Step 2. There is a unique Hausdorff second countable topology on T'M such that each 1, is a
homeomorphism onto its image.

Declare a set V. .C T'M open if and only if 7! (V) is open in R?* for any o € A. We have

(i) @isopenand 7, (TM) = ¢, (U,) x R¥ is open.
(i) Vi, Vyareopen = 7,1 (V;NVy) =71 (V1) N7t (Vy) is open = V; NV, is open

(iii) Each V3,8 € B,isopen = 7,' (Ugep V) = Upep 7, ' (V) is open = Ugpep Vp is
open.

Hence, we obtain a topology on 7'M such that each (7r_1 (Ua), 75 1) is a chart on 7'M and,
moreover, 7 1S a continuous map.

This topology is Hausdorff. Indeed, pick vy, vy € T'M, vy # vy and consider the following
cases:

(a) If w (vq) # m (v2), choose open subsets Uy, Uy C M such that U; and U, separate 7 (v;)
and 7 (v3). Then 71 (U;) and 71 (Us) separate 7 (vy) and 7 (v3).

(b) If w (v1) = 7w (ve) =: m. Pick any chart (U, ¢) such that m € U. Then 7 (U x V;) and
7 (U x Vy) separate v; and v, if Vi, V, C R¥ separate m (771 (v1)) and o (771 (v2)).

Furthermore, the constructed topology is second countable for the following reason: Let U;
be a countable basis of the topology of M and V be a countable basis for R*. Without loss of
generality we can assume that each U; is contained in some chart U,,. Then the collection of
all sets of the form

Ta, (@ai(Ui) X v])
is a countable basis for the topology of T'M.
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Step 3. We finish the proof of this theorem.

Pick a chart (U,, o) on M, hence also a chart (77! (U,),7,") on TM. The coordinate
representation of 7 with respect to these charts is

PaomoTy(T,y) =g (g (¥) =0 = gaomery =m0
Hence, 7 is smooth and d, 7 is surjective. 0

Let M C R" be a submanifold. To simplify the exposition somewhat, assume that M =
f710), where f € C°°(R™) and 0 is a regular value of f (and, hence, M is a hypersurface).

Let v be any tangent vector at m € M represented by a curve «y through m. Thinking of v
as a curve in R”, we obtain a natural well-defined map p: TM — R”" given by p(v) = 7(0).
Combining this with the projection 7, we obtain the map

i: TM — R" x R, i(v) = (7(v), p(v)).

Define ®: R" x R" — R? by ®(z,y) = (f(z), (Vf(x), y)). The reader should check that
0 is a regular value of ®. Moreover, ®(0) = i(T'M) and i is an embedding. In particular, the
tangent bundle of a hypersurface is an embedded submanifold.

For example, for M = S k' R¥!, we have

TSt = {(x,y) € SF x R¥ | (2,9) = 0} C R2H+2.

In particular, for ¥ = 1 we obtain that 7'S* is a 2-submanifold of R*%.
In fact, we can realize T'S' as a submanifold of R? in the following sense. Consider the map

f: Sl xR — ]R47 f(x()axl;t) - (xoamlatxla —tLU())

One can check that f is a diffeomorphism between S' x R C R3 and T'S" so that we can in fact
identify 7°S' with an infinite cylinder.

It is not too hard to generalize the above arguments to show that if M/ C R" is any embedded
submanifold, then i: TM — R*" is an embedding. I leave it to the reader to work out the details
of this statement.

2.9 Vector fields and their integral curves

Definition 2.69. A smooth map v: M — T'M such that
Tov = idy — v(im) € T,,M
is called a (smooth) vector field on M.
For example, the map
v: ST — R?, v(z) = (x, (=21, 30))

is a (smooth) vector field on S'. Since the first component of v must be x by the very definition
of a vector field, usually one omits the first component and writes simply

v(x) = (—x1, z9). (2.70)

Denote
X(M) :={v: M — TM is a vector field }.

Clearly, X(M) is a real vector space with respect to the following operations:
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¢ (v1 4 v2)(m) := vi(m) + va(m), where vy, v, € X(M);
* (Av)(m) = Xv(m), where v € X(M) and X € R.
In fact, any vector field can be multiplied by any smooth function:
(f-v)(m) = f(m)v(m), where v € X(M) and f € C*(M).
We summarize this in the following.

Proposition 2.71. The set X(M) of all vector fields on M has the structure of a module over
C>° (M) with respect to the pointwise addition and multiplication. 0

Example 2.72. Consider M/ = R*. We have seen that TR* = R* x R* and that the natural
projection equals ;. Hence, a vector field is a map of the form

v(z) = (,y(2)),

where y € C°°(R*; R¥). Hence, we can identify X(R*) with C*°(R¥; R¥) via the map

v = (ide, y) — .
More formally, this map is an isomorphism of C'*°(M )-modules.

Generalizing the above example slightly, pick a chart (U, ¢) on a manifold M. Since

vo(m) = ("] [7]),  where 7'(t) := ¢ (p(m) + te;),

is a basis of T}, M, we can find the coordinates (y;(m), ..., yx(m)) of v(m) with respect to this
basis. In other words, y: U — R* is a map such that

v(m) = vy(m) - y(m)

holds at any point m € U. Notice that the map y is well defined even if v is not necessarily
smooth. This map is called the coordinate (or local) representation of v with respect to the
chart (U, p).

Proposition 2.73. The map v: M — T M satisfying wo v = idy; is a smooth vector field if an
only if for each chart (U, @) as above the coordinate representation y of v is smooth.

Proof. Recall that for any chart (U, ) on M as above we constructed a chart (7~ (U), 7.")
on T'M. Just by the definitions of 7, and y, for the coordinate representation of v with respect

to these charts we have
T, evop (@) = (2, yo (1))
Hence, v is smooth if and only if y is smooth. O
Thus, locally over each chart U vector fields can be identified with smooth vector-valued
maps just as in Example 2.72. It turns out, however, that in general no such identification can
exist.

Letv: (a,b) — M be a smooth curve. At any point ¢t € (a, b) we define the tangent vector
’y(t) € Ty(t)M to vy by

Y(t) == [s = 7(s)] where  7,(s) := y(t + s).
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Definition 2.74 (Integral curves). A (smooth) curve 7 is called an integral curve of a vector

field v if
(1) = v(x(1))
holds for any ¢ € (a, b).
Example 2.75. Consider the curve v: R — S, ~(t) = (cost, sint). We have ¥(t) =
(—sint, cost). Furthermore, if v is given by (2.70), then
vory(t) = (—sint, cost).
Hence, v is an integral curve of (2.70).

Let us consider integral curves on R* in some detail. Thus, represent a vector field v €
X(R¥) by a smooth map y: R¥ — R just as in Example 2.72 above. A map v: (a,b) — R¥ is
an integral curve of v if and only if

Y (t) =y (n(t), .-, %)),
"}/(t) = y(f)/(t)) > L e (276)
holds for any ¢ € (a,b). In other words, an integral curve of a vector field is a solution of a
system of ordinary differential equations (ODEs). Notice that the map y does not depend on ¢,
that is (2.76) is an autonomous system of ODEs.
Conversely, any system of ODEs as above, is uniquely specified by a map y € C>(RF; R¥).
In view of Example 2.72, y corresponds to a vector field v, whose integral curves are solutions

of the initial system of ODEs. Thus, at least for Euclidean spaces, integral curves of vector
fields and solutions of autonomous systems of ODEs are synonymous.

Exercise 2.77. Show that if v is a C'-curve satisfying (2.76), then  is smooth.

Notice that for autonomous systems we have the following property: If « is a solution
of (2.76) such that (ty) = my, then for any ¢ € (a, b)

W) =t +e),  te(a—cb—o)
is also a solution. In other words, the integral curve ; of v such that v (¢1) = my satisfies
Y1(t) =t +to—t1),

that is 7y, differs from + just by a shift of time. For this reason, one often chooses ¢ty = 0 as the
initial time for integral curves of vector fields.

By the main theorem of ODEs [Hal80, Sec.l.3], we obtain the following existence and
uniqueness result.

Theorem 2.78. Let v be a smooth vector field on an open subset 2 C R¥. For any point mg € §)
there exists a neighbourhood V- C () of my and a number ¢ > 0 with the following property:
For any m €V there exists an integral curve

v ="Ym: (—&,6) = Q such that ~ ~(0) = m.

This integral curve is unique in the following sense: If f: (—0,0) — M is any other integral
curve such that 3(0) = m, then § and ~y,, coincide on (—e,€) N (=6, 0). Moreover, the map

D: (—g,e) x V =RF, Ot m) := y(t) (2.79)

is smooth. ]
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Definition 2.80. An integral curve v: (a,b) — M of a vector field v is called maximal, if the
following property holds: For any other integral curve 3: (¢,d) — M of v such that for some
to € (a,b) N (¢, d) we have y(ty) = 5(to), then:

1) (c,d) C (a,b);

It is a well-known fact from the theory of ODEs, that for any m, € R there is a unique
maximal solution of (2.76) through m . A straightforward corollary is, that for any vector field
v on any manifold M there is a unique maximal integral curve ~ of v through a given point.

Corollary 2.81. If M is compact, then a maximal integral curve of any vector field is defined
on all of R.

Proof. For each point m € M pick a chart (U, ) containing m. Hence, we obtain the
coordinate representation of the vector field v via the map y: Q := p(U) — RF. Then
v: (a,b) — U is an integral curve of v if and only if for I := ¢ o v we have

I'(t)=y(I'(t))  for t€ (a,b),

cf. (2.76). By Theorem 2.78, there exists a neighborhood V,,, such that for each m € V,,
the integral curve ~y,;, through 7 is defined on (—&,,,&,,). By the compactness of M, we
can find a finite collection of points {m, ..., m,} such that the corresponding collection of
neighbourhoods {VJ = ij |1<j</ } covers all of M. Set
min{e,, |1 <3</
€ 1= { ”| _‘7_}>0.
2
Let v: (a,b) — M be a maximal integral curve of v. Assuming b < oo, the point my :=
7(b— ¢) lies in some V. By the construction of ¢, there is a unique integral curve ,,,, which is
well-defined on (—2¢, 2¢) and satisfies 7,,,,(0) = myg. Set

(%) fort € (a, b—¢),

A: b M At =
y:(a, b+¢e) = M, () {%m(t_bJre) fort € [b—e, b+e).

Notice that 4 is continuous since v, (b — ) = mg = (b — ¢). In fact, by construction 4 is an
integral curve of v on (a,b—¢) U (b—¢,b+¢). It follows that 7 is a C''-integral curve of v and
therefore smooth by Exercise 2.77. Thus, 4 is an integral curve of v defined on a larger interval.
This contradicts the maximality of ~. U

2.10 Flows and 1-parameter groups of diffeomorphisms

In this section I assume that M is a compact manifold.
For a vector field v define the flow of v to be the map

O:Rx M — M, O(t,m) = v (t).

Of course, this is just the map ® of Theorem 2.78 extended to the whole real line. Sometimes,
(2.79) is referred to as the local flow of v.
Beside the flow, for each fixed ¢ € R it is also convenient to consider

o0 M — M, O, (m) = P(t,m) = Y(1).
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Proposition 2.82. The following holds:
(i) Each ®, is a diffeomorphism. Moreover, ®;* = ®_,;
(ii) Foranyt,s € R we have ®; 0 &y = Oy = O 0 Oy
(iii) ®o = idp;
Proof. Form € M and t € R denote ®;(m) = m. This means that ,,(t) = 7, where ~,, is an
integral curve of v such that 7,,(0) = m.
Consider the curve 3 defined by §(s) = 7,,(s + ¢). Then [ is an integral curve of v and
B(0) = v (t) = m, thatis 8 = 7,,. Hence,
D (M) = ym(s) = B(s) = ym(s +1) = Pypy(m) — Qg0 Dy =Dy yy.
Since (iii) holds by the very definition of ®,, by (ii) we obtain
(I)_t o q)t - ZdM - q)t o q)—t~
In particular, each ®, is a diffeomorphism and &, = &_, U

Definition 2.83. A 1-parameter group of diffeomorphisms is any smooth map ®: R x M — M
such that Properties (i)—(iii) of Proposition 2.82 hold.

To explain the above definition, notice that the set
Diff (M) := {f: M — M | f is a diffeomorphism }

is a group with respect to the composition operation. Diff (M) is called the diffeomorphism
group of M. With this understood, a 1-parameter group of diffeomorphisms is simply a homo-
morphism of groups

R — Diff(M), t—

such that ®;(m) = ®(¢,m) depends smoothly on (¢, m).

Thus, Proposition 2.82 states that each vector field on a compact manifold generates a 1-
parameter group of diffeomorphisms. Conversely, it turns out that any 1-parameter group of
diffeomorphisms generates a vector field in the following sense.

Proposition 2.84. For any [-parameter group of diffeomorphisms ® there exists a vector field
v, whose I-parameter group of diffeomorphisms coincides with P.

Proof. For any m € M denote
Ym: R — M, Y (t) := ®(t,m) and v(m) = 4 (0).

The reader should check that v is a smooth vector field.
Furthermore, denote +,,(t) = m and observe that

Yin(s) = @) = @y (Py(m)) = Prrs(m) = Yt + 5). (2.85)

Hence,
v(ym(1)) = v() = 3 (0) = [y (s)ls=0 = [ym(t + 5)ls=0 = Fm (1),
where it is straight-forward to obtain all above equalities from the corresponding definitions.
Thus, 7, is an integral curve of v. Therefore, the 1-parameter group of diffeomorphisms
generated by v is
(t,m) — Y (t) = ®(t,m),

In other words, the 1-parameter group of diffeomorphisms generated by v coincides with &. [J

To sum up, for compact manifolds there is a natural bijective correspondence between vector
fields and 1-parameter groups of diffeomorphisms.
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