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Chapter 1

Introduction

1.1 The de Rham cohomology groups

Let M be a manifold of dimension n. Denote by QF (M) the space of differential k-forms on
M. Recall that there exist a unique R-linear map d : Q¥ (M) — QFL (M) with the following
properties:
(i) df is the differential of f if f € C> (M) = Q° (M);
() d(wAn)=dwAn+ (-1)?wAdpifwe Q1 (M);
(iii) d* = 0.
The last property simply means that d (dw) = 0 for each w € QF (M). This yields the de

Rham complex

0= QM) Lo (M) L Lo () Lok () Lo () L L Qr (M) =0

(1.1)
Remark 1.2. The map d : QF (M) — QFFL (M) depends on k, however this is suppressed in
the notations.

Property (iii) means that (1.1) is a complex, that is the kernel of d : Qf — Q**! contains
the image of d : Q*~! — ¥ and therefore we can define

(M) = Ker (d : Q% (M) — QFF (M)

an " Im(d: QFL (M) — QF (M)

(1.3)

This is called the k' de Rham cohomology group, which is in fact a vector space.
Assume that M is closed, that is M is compact and has no boundary. Then the number

by (M) == dim H%, (M)

is finite. It is called the k" Betti number of M and is an invariant of M.

Remark 1.4. While it is by no means obvious from the above description, Betti numbers are
topological invariants of M, that is by (M) = by, (IV) provided M and N are homeomorphic. In
paticular, Betti numbers do not depend on the smooth structure.

Coming back to the de Rham cohomlogy groups, each element in H%, (M) is represented
by the equivalence class
w]={w+dn|ne (M)},
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Global analysis

where w € QF (M) is closed: dw = 0. Hence, we may ask the following question: What is the
best representative in [w]?

Of course, at this point the above question is vague, since the notion of being "the best" is
undefined. One possibility to make this more precise is as follows. Just by its definition, the set
[w] is an affine subspace of ¥ (M). We could call an element in [w] "the best" if it is the closest
one to the origin just as shown schematically on Figure 1.1.

aF (M)

Figure 1.1: A choice of a representative in the de Rham cohomology class.

However, this raises our next question: How do we measure distance in Q% (M)? A suitable
answer to this question requires a detour, which we do next.

1.2 Some linear algebra

Let V' be a vector space of dimension n over R. Recall that for each basis e = (ey,...,e,) of

*

V there exist a unique basis e* = (e7, ..., e}) of the dual vector space V* such that

e n

i
e; (ej) = 6ij = {07 %fl.#jf
, if i # g

e* 1s called the dual basis to e.

Assume (-, -) is a scalar producton V. If e = (ey, . . ., €,) is an orthonormal basis of V, that
is
(ei, e5) = i,

then the dual basis e* is given explicitly by

e; = (e, ) = e; (v) = (e;,v) forveV.
Then V* has a unique scalar product such that e* = (e},...,e’) is an orthonormal basis.
Explicitly, for £, n € V* define
& =& () - =26 ¢
ni = (ei) n=2215¢

Draft 3 March 29, 2024



Global analysis

= ({,n) = Zfﬂ?i = Zﬁ(ei)n(ei)-

To sum up, for any scalar product on V' there exists a unique scalar product on V* such that
the dual basis of an orthonormal basis is itself orthonormal.
More generally, any basis e of V yields a basis of A*¥V*. Explicitly,

Aet={ef N Nef |1<ii<ip<...<ip<n} (1.5)

(£) = o

elements. Just like in the case of V* = A'V*, we can define a scalar product on each A¥V* by
declaring (1.5) to be an orthonormal basis.

Recall that any two bases e and f of V are related by a change-of-basis matrix A. This
means

is a basis of A*¥V/* consisting of

f:e-A <~ fi:Zaijej
j=1
Then e and f are said to be cooriented, if det A > 0. It is easy to check that

e~ f = e and f are cooriented

yields an equivalence relation on the set of all bases of V. Moreover, there are exactly two
equivalence classes represented by e and € = (—eq, ea,. .., €,).

Definition 1.6. An orientation on V' is a choice of an equivalence class of bases of V. Any basis
in the chosen class is said to be positively oriented and any basis, which does not belong to the
selected class is said to be negatively oriented.

Example 1.7. For R” the class of the standard basis is called the standard orientation of R".

Example 1.8. Any w € A"V*, w # 0, determines an orientation of V' by the rule: e is positively
oriented if and only if
w(ep,...,ey) > 0.

*

For example, if e* = (e, ..., e}) is the dual basis to the standard one, then

w=ejAN...Ne, (1.9)

determines the standard orientation of R™.

Definition 1.10. Let V' be an oriented Euclidean vector space of dimension n. An n-form w is
said to be the Euclidean volume form, if

wi(ep,...,ep) =1 (1.11)
holds for any positively oriented orthonormal basis e of V.

For example, in the case IV = R", which is equipped with the standard scalar product and
orientation, (1.9) is the Euclidean volume form.

Example 1.12. Show that any oriented Euclidean vector space admits a unique Euclidean
volume form. This is sometimes denoted by vol.
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Proposition 1.13. There is a unique linear map
w: APV — ARV satisfying ENxn = (& n)vol (1.14)
forall £, n € AFV*.
Proof (Sketch). Let e be a positively oriented orthonormal basis of V. Set
n=e; N...\Ne; c Arer

Then assuming that * exists, for

we must have
ENxn=({,n)vol =&, 4. el N...Nep.

This yields
sn=x(e N...N¢})=c-€e N...Ne¢j_, (1.15)

where ¢ € {£1}and 1 <[ < ... < l,_x < n consists of those integers in the interval [1, n]
which are complementary to {i4,. .., i}
For example, if n = 6 and ) = e A e4, then

x(e3Ney) =ce] Nes Nex Neg .
To determine ¢, we compute

es Ney Ne(el Nes Aer ANeg) = —cvol,

esneiNx(esned) =] esnel |- vol =wol,

which yields € = —1 so that we finally obtain

x(e3Ney) = —el ANes Aer Neg.
In general, ¢ is the signature of the permutation (iy, ..., %k, j1,- - -, jn_k)-
Thus, (1.15) defines * on the elements of the basis A¥e*. This yields a unique linear map
x: AFV* — A"~FV* which satisfies (1.14). O

The map * defined in the above proposition is called the Hodge operator.

Remark 1.16. It follows from the proof of the above proposition that the Hodge operator satisfies

Kok W= (—1)k("_k) w forallw € A*V*. (1.17)

1.3 Riemannian metrics

Definition 1.18. A Riemannian metric g on M is a smooth section of 7*M & T*M such that
the following holds:

(i) g is symmetric, that is

g (v,w) =g (w,v) for all v, w € T,,M and any m € M;
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(i1) g is positive-definite, that is

g(v,v) >0 forallv € T,,M,v # 0, and any m € M.

In other words, g is a family {g,, | m € M} of scalar products on each 7,,M and g,
depends smoothly on m. In particular, each 7, M is an Euclidean vector space. Hence, each
A*T* M is also an Euclidean vector space.

An orientation of a manifold M is (informally speaking) a choice of coherent orientations
of T,,, M for each m € M. More formally, we have the following.

Definition 1.19. A manifold M of dimension n is said to be orientable, if there exists w €
Q™ (M) such that w,, # 0 for all m € M.

By Example 1.8, for each m € M the n-form on 7,,M determines a class of positively
oriented bases of T}, M, that is an orientation. Notice that for any function f, which is positive
everywhere, the forms w and f - w determine the same orientation on each 7}, M .

Albeit not all manifolds are orientable, orientability is a mild restriction. In particular, for
any connected non-orientable manifold M there exists a unique connected double covering
M, — M, which is orientable. The reader may find more information on this for example
in [Hir94, Sect. 4.4].

Definition 1.20. An orientation of an n-manifold M is a class of n-forms [w], where

* w is a nowhere vanishing n-form on M.

* wy ~ wy if and only if there exists an everywhere positive function f such that wy = f-w;.

Notice that [-] above is not the de Rham cohomology class.
Just like in the preceding section, a differential n-form w on M is said to be a Riemannian
volume form, if
W (€1,...,e,) =1 (1.21)

holds for any m € M and any oriented orthonormal basis (eq, . .., e,) of T,,, M. Property (1.21)
determines a Riemannian volume form uniquely. This volume form is denoted by vol.

Thus, by the preceding subsection, a Riemannian metric and orientation on M induce for
each k < n the Hodge operator x: Q% (M) — Q"% (M) such that

k(n—k)

wA*xn = (w,n) vol and xxw = (—1) w

holds for all w,n € QF (M).

1.4 Harmonic forms

Let us come back to the original question about "the best" representatives of the de Rham
cohomology classes. Thus, we define the L2-scalar product on each QF (M) by setting

(w,m) 12 ::/ <wm,nm>volm:/ w A *1.
M M

With this at hand, we could call an element & € [w] "the best", if &0 minimizes the distance
to the origin, that is if

inf +dn %, = 1| @ |%s. 1.22
nGQ}gl(M)Hw Nl =11 |72 (1.22)
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Then, if (1.22) holds, for any n € Q*~! (M) we must have

1@ +tdn |z

d ~ ~
=~ (1 I +26@, dn) g2 + ] dn [172)
t=0

- 2<®7 d77>L2

(1.23)

Proposition 1.24. Denote d* = (—1)"""' s ds: Q¥1 (M) — QF (M). If M is closed, then
the following holds:

(i) d* is the formal adjoint of d, that is

(dw,n) 2 = (w,d*n),,  forallw € QF (M) andn € Q' (M) . (1.25)

(ii) (1.23) is equivalent to
d*w = 0. (1.26)

Proof. Notice first that (1.14) and (1.17) imply the equality
wAC= (="M (w « ol  forallw e QF (M) and ¢ € Q" * (M).

Using this, we obtain

w.dn)ya = (-1 [ foxd o
M

_ (_1)kn+1+k(n7k) / u)/\d*n
M

= ()" [ (0 @) - donsy
M
Here the last equality follows from the Leibnitz rule:
dwAC) =dwAl+ (=) wAdC

provided w € QF (M) and ¢ € Q! (M). Hence, applying Stokes’ theorem and recalling that
OM = &, we obtain

ot = (5 [ o o= (0 G
M

By noticing that k? is even/odd if and only if % is even/odd, we arrive finally at (1.25).
To prove (ii), notice that

d'w=0 = 0= (d"W,n) 2 = (W,dn) ;..
Conversely, setting 7 = d*& in (1.23), we obtain
0= (0,dd"@) . = ("W, d"W) ;> = || d"w ||2LQ = d'w = 0.
0]
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Notice that (1.26) is nothing else but the Euler-Lagrange equation for the functional
frlwtdnne @ (M)} — R, flw+dy=|wtdn| (1.27)
Definition 1.28. The map
A =dd* +d*d: QF (M) — QF (M)

is called the Laplace operator (or, simply, the Laplacian). A k-form w such that Aw = 0 is
called harmonic.

Proposition 1.29. On a closed manifold a k-form w is harmonic if and only if
do=0 and d*w = 0. (1.30)
Proof. If (1.30) holds, then w is clearly harmonic. To show the converse, consider
0 = {Aw, )y = {dd'w,w) o + (@'dw,w) = || d'w |2+ | dw |22

Here the last equality follows by Proposition 1.24, (i). Since both summands are non-negative,
we obtain (1.30). O

Theorem 1.31. If a minimizer & of (1.27) exists, then © is harmonic. Moreover, if & exists, then
it is unique.

Proof. Assume O exists. Since & = w + dn for some n € Q¥ (M), we have
dio = dw + d (dn) =0+ 0.

Combining this with (1.26), we obtain by Proposition 1.29, that & is harmonic.
Furthermore, let 0 = w + dn and @ = w + d¢ be two harmonic representatives of [w]. Then

ozfA—wﬁzw(@—ﬁ):fdm—o.
Denoting temporarily £ := 1 — ¢, we obtain
0= (d"d§,€)pp = (6, d) = | d |} = dE=0 = dp=d{ = ©=0.
This proves the uniquesness. 0

Our aim is to prove the following.

Theorem 1.32. (Hodge) Each de Rham cohomology class is represented by a unique harmonic
form.

Notice that since we have already proved the uniqueness, it is the existence, which remains
to be proved. It turns out that this is somewhat harder and requires certain technology, which
we will consider first.

Notice that for any oriented Riemannian manifold, the Laplacian on Q° (M) = C™ (M) is
given by

Af =d'df = —*xdxdf. (1.33)
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Example 1.34. Consider the case M = R3 equipped with the standard Euclidean matric. If
(x,v, z) are coordinates on R, then

[ of of of _of _or of
xdf = x* (&dejL aydy+ azdz) = a:de/\dz aydm/\dz+ aZd:zc/\dy.
Hence,
_(*f | *f O __(of  f
d*df_(az2+ay2+az2) dehdynds = Af__(8x2+8y2+822)‘

Sometimes this is called "the non-negative Laplacian", since its eigenvalues are non-negative.
More generally, if the Riemannian metric on R” is given by a positive-definite matrix (g;;),
where g;; = g;; (x), then the corresponding Laplacian on functions is given explicitly by

af=———o, (Vida“0,f). (1.35)
Vgl
where |g| = |det (g;;) | and (¢”) = (gi;)~". This is sometimes called the Laplace-Beltrami
operator.
Let M be a closed oriented Riemannian manifold.
Proposition 1.36 (Green’s identity). For any w,n € QF (M) we have
(Aw, n) 2 = (W, An) 12 = (dw, dn) ;2 + (d*w, d"n) 2.

Proof. By Proposition 1.24 (i), we have

(dd*w + d*dw, n) = (d*w, d*n) + (dw, dn).

By the same token,
(w,dd*n + d*dn) = (d*w,d™n) + (dw, dn),

which yields the claim of this proposition. 0
Corollary 1.37. On a closed connected manifold any harmonic function is constant.
Proof. 1t f € C*° (M) is harmonic, by Green’s identity (with w = n = f) we obtain
0= (AFf, ) =| df || — df =0 — f is constant.

OJ

The Hodge theorem follows from the following more general result, which is also attributed
to Hodge.

Theorem 1.38. (Hodge) Let M be a closed oriented Riemannian manifold and n € Q* (M).
The equation Aw = 1 has a solution if and only if

(n,wo)r2 =0 (1.39)

for any harmonic k-form wy.
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It is easy to see that (1.39) is a necessary condition. Indeed, if there is w € QF (M) such
that Aw = 7, then Green’s identity yields

<777WU>L2 = <AW,WO>L2 = <W7AWO>L2 =0

for any harmonic k-form wy.
The proof that (1.39) is a sufficient condition will be given later. Taking this as granted for
now, from Corollary 1.37 we obtain the following.

Corollary 1.40. Let M be a closed oriented Riemannian manifold. The equation

Af =h, f.h e 0 (M)

/ h -vol = 0.
M

Let me also show that Theorem 1.38 implies that any de Rham cohomolgy class is represented
by a harmonic form. To this end, pick any closed k-form w. Then by Proposition 1.29, w + dn
is harmonic if and only if

has a solution if and only if

d(w+dn) =0

d* (w +dn) = 0 = & (wtdy) =0 =  ddy=—dw. (141)

Furthermore, consider instead the equation
Ay = —d'w. (142)
If 7 is any harmonic (k — 1)-form, then
(d*w,no)r2 = {w, dno)r2 =0,

since 1) is closed. Hence, Theorem 1.38 guarantees that (1.42) has a solution 7.
Furthermore, notice that (1.42) is equivalent to d*(dn + w) + dd*n = 0. However, the two
summands appearing on the left hand side are L?-orthogonal:

(d*(dn + w), dd*77>L2 = (dn + w, alzal*77>L2 =0.

Hence, if 7 is a solution of (1.42), then in fact 1) solves (1.41) so that w + dn is harmonic indeed.

Remark 1.43. The argument above shows in fact that Im d and Im d* are L?-orthogonal subspaces
provided M is closed.

With these preliminary considerations at hand we proceed by showing that Theorem 1.38
has useful applications, in particular in the theory of Riemann surfaces.

1.5 Riemann surfaces

Definition 1.44. A Riemann surface . is a complex manifold of dimension one. In particular, X
admits an atlas {(U,, ¢,) | « € A}, where ¢, : U, — C, such that each coordinate transformation
map

Py © wgl :C—C

is holomorphic on the domain of its definition.
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Writing 2z, = 2z = x + 1y = 1, we obtain a holomorphic coordinate on X (defined on U,,).
Notice that
r=Rez and y=1Imz

are real coordinates on U,. In particular, for any p € U, we have a basis
0% = (0, 0y) ’p
of T},X. Define a linear map
I, T, — T,% by 1,0, =90, and [,0,=—0,. (1.45)

Using the fact that 1, © 1% is holomorphic, it is easy to check that I, does not depend on
the choice of a holomorphic coordinate. It follows also from (1.45) that 7, 5 _ = —1id.
For any smooth (not necessarily holomorphic) function f: X —> C define 0f,0f €
Q' (Z;C) by
Of (v) = 5 (df (v) —idf (Iv))
0f (v) = 3 (df (v) +idf (Iv))
In particular, we have df = Jf + Of and f is holomorphic if and only if 0f = 0. If
fo = fotp;t: C — Cis the local representation of f, then

8fa 3fa
0z 82

are local representations of O f and Jf respectively, that is 1* Of, = 0f and 1% Of, = Of.
Furthermore, since

for v € TX..

Ofy = dz and Ofa =

d%:dx+z:dy, — das—%(dz—I—dz)
dz = dx —idy, dy = 5; (dz — dz),

any w € Q! (3;C) can be written uniquely as w = adz + bdz for some functions a and b.
Denote by Q19 () the space of all those complex valued 1-forms, whose local representation
is a dz for some a € C* (X; C). More invariantly, we have

QYD) = {we Q' (5C) | w(l)=iw()}.

Similarly, denote by 2%! (X) the space of all those 1-forms, whose local representation is
b dZz for some complex valued function b, or equivalently,

QD) ={weQ (D) |w{)=—iw(")}.
Thus, we obtain the decomposition
QM0 =0 (%) @ QM (D).

Then Of and Of are nothing else but the components of df lying in Q%9 () and Q%! (%)
respectively.
Thus, in the case of a Riemann surface, the complexified de Rham complex has the following
form:
Ql,O (Z)
9 \8
0— Q(%C) @ Q2 (2,C) — 0 (1.46)
\3 9
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Here 0: Q0 (X) — Q2 (X;C) is just the restriction of d to 210 (¥) and 9: Q%! () —
02 (%, C) is the restriction of d to Q%! (X). Locally, we have

weM'(¥) = w=adr = dw=daNdz= @dz+a—?d2 /\dz:—a—cfdz/\dé,
0z 0z 0z

weW(X) = w=0bdz = dv=dbNdz = %dz—l—a—lzdz /\diz%dz/\di.
0z 0z 0z

Notice that we have -
d>=0 — 90 + 00 = 0.

The splitting (1.46) of the de Rham complex yields the Dolbeault cohomology groups:
HY (%) := ker 0,
H° (%) = ker 0, H () == 0%/Im0,
HO (D) = 90,1/ Im 0.

Clearly, H° (X) is the space of holomorphic functions on ¥. In particular, if ¥ is compact,
connected, and boundaryless, then H° (3) = C.

H'0 () is the space of holomorphic differentials, that is 1-forms w such that locally w =
adz and a is a holomorphic function. The geometric meaning of H%!' (3) and H'! (X) is
somewhat less straightforward. An interested reader may wish to consult for example [Don11]
for further details.

1.6 The Laplacian on Riemann surfaces

A peculiar feature of Riemann surfaces is that the Laplace-Beltrami operator can be defined
without a reference to a Riemannian metric. Indeed, set

A =2i00 = —2i00: Q" (%;C) — Q*(%;C).
If 2 = x + 1y is a local holomorphic coordinate as above, then we have

5f:a—fdz:%(8wf+@yfi)dz =

= —(0y —10y) (0 f + 0y fi)dz NdZ
1 _

= 1 (0%f + 0}, f) d= A d=.

Furthermore, since

dz NdzZ = (dz +idy) A (dx —idy) = —2idx A dy,

we obtain

Af=-2i00f =— (02,f+02,f) du A dy.
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Remark 1.47. To relate this operator to the Laplacian in the sense of (1.33), let g be a Hermitian
metric on ¥, thatis g (I-,1-) = g (-, ).
If 2 = x + y2 is a local holomorphic coordinate, then

(9i5) = (3 ?\) = (97) = (/\(;1 /\91)

for some positive function A = A (z,y).
Substituting this into (1.35), we obtain

Af = —i (0 (A A0 f) + 0, (A-AT10,f)) = —%

Furthermore, the Riemannian volume form on 3 in terms of local coordinates (z, y) is

vol = Xdx A dy.
Hence, xvol =1 = x (dx A dy) = A\~'. This yields
| o
Af = =5 (@2 +32,1) =+ (~2i00f).

Hence, up to the application of the isomorphism *: Q* (%) — Q° (X), the Laplacian coincides
with —2¢ 00 indeed.

In the current setting, Corollary 1.40 yields the following.

Theorem 1.48. Let X be a compact connected Riemann surface. The equation —2i 00f = n,
where 1) € Q (3; C), has a solution if and only if [, 1 = 0. O
1.7 Some consequences of Theorem 1.48

In this section we assume that 3. is a compact connected Riemann surface throughout.
We have a natural skew-symmetric pairing

QM0 (B) x Q™ (%) — C, (w,n) —> / wAn.
by
This yields a bilinear map
B: HYY () x H"' (%) — C, B (w,[n]) = / wAn. (1.49)
)

Lemma 1.50. B is well defined.

Proof. Notice first that for any o, 8 € Q1° () we have a A 8 = 0. Indeed, locally o = a - dz
and 5 =0b-dzsothata A f = abdz A dz = 0. Using this observation, we obtain

/Em<n+5f):/Emm/zm(aﬂéf)

:/Ew/wﬂ—/zw/\df
= [onn= [+ [ ra
:/Ew/\n—O—I—O.
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In the last equality the second summand vanishes by the Stokes’ thm; The last summand
vanishes, since w is closed: Locally w = a (z) dz so that

dvo=daNdz= @dz%—a—(%di ANdz=040=0,
0z 0z

since a is a holomorphic. This finishes the proof of this lemma. UJ

Notice that we have a natural map
i: HYO(Y) — H' (%;C), wr— [w].

The class [w] is well-defined, since w is closed as it has been shown in the proof Lemma 1.50.
Furthermore, the conjugation Q' (3; C) — Q! (X, C) ,n — 7, induces a map

o: HYO () — H" (%),
which is antilinear, that is o (i) = —io ().

Theorem 1.51.
(i) o is an isomorphism;

(ii) For a complex vector space V denote V* = {1): V' — C | 9 is antilinear}. Then B: H'Y (3) —
H%Y (X)" is an isomorphism;

(iii) The map
HY (S)e HY (3) — H' (5:C),  (w.[n]) —i(w) +i(e~ ()  (1.52)
is an isomorphism.

Proof. Notice that o: H'° (X) — H%!(X) is well-defined. We want to show that for each
class [n] € H*!(X) there exists a unique w € H'Y (X) such that o (w) = [n]. Indeed, any
representative of [] € H%! (3) can be written as

i =n+0f
for some f € O (X; C). We want to find a representative 7’ such that
o' =0 = 00f = —0n. (1.53)

The equation on the right hand side of (1.53) has a solution, since

/8n:/dn:O.
2 5

In fact, f is defined uniquely by (1.53) up to the addition of a constant. Hence, for each class
[n] € H*! (X) there exists a unique representative 1’ such that 9n' = 0.
Define w = 17/. Then
dw =0 =y =0,

that is w lies in H'Y (33) and is a unique preimage of [r)].
To prove (ii), we only need to show that (1.49) is non-degenerate, that is

Ywe HY (D) I[n] € H** (%) such that B (w, [n]) # 0.
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Indeed, for w € H"? (3) setn := o (w) = [@]. Then

B@qﬂy:éwA@¢q

since adz A adz = |al?dz A dz.
To prove the injectivity of (1.52), notice first that 7 is injective, since

B@@%a@w»%i/wAw#O
P
provided w # 0.

Furthermore, denote ¢ := i (0! ([])) and assume that w + ( = df = df + Of for some
function f, that is (w, [n]) is in the kernel of (1.52). Since w — df € QY(X) and { — Jf €
Q%1(X), we obtain

w=20f and ¢ =0f.

Hence, 00f = 0w = 0 and therefore f is constant, which yields w = 0 and
¢=ilc () =0 = [=0,

since i is injective and ¢ is an isomorphism. Hence, (w, [n]) = 0.
To see that (1.52) is surjective, pick any [¢] € Hj)p (3;C). I claim that there exists a
representative ' = ( + df such that

a¢' =0 = 0= 0¢ + ddf = 0¢ — 00f. (1.54)
The existence of a function f satisfying (1.54) follows from Theorem 1.48 just like in the proof

of (i).
Furthermore, write

('=w+mn, where w =

(€ =i¢' (1)) and = (¢ +id (1)

N —

Locally, we have

('=adz+bdz — w=adz and 1n=>bdz.

Since 5(’ = 0, we obtain % = 0, that is w is a holomorphic differential.
Furthermore,
-/ !/ / ab
('"=0 and d('=0 =— I =0 = (9_:0 = On=20
z
— 075 =0.
Hence, 7 1s also a holomorphic differential. Combining this with (i), we obtain (iii). UJ

Corollary 1.55. If by (X) = 0, then X admits a meromorphic function with a single simple pole.

Proof. Pick any point p € ¥ and a local holomorphic coordinate z centered at p. Let x be a
bump function at p, that is x¥ = 1 on a neighbourhood V' of p and x vanishes identically outside
of a slightly larger neighbourhood W O V.
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We wish to show that there exists a meromorphic function f on ¥ with a unique simple pole
at p. Assume for a moment, however, that such f does exist and consider

a
h’::f_X_J
z

where a is the residue of f at p. Then h is smooth everywhere, albeit may fail to be holomorphic
on W\V. In any case, we have

dh=df — géx - _géx. (1.56)

Notice that i := — 20y is a smooth (0, 1)-form supported in W\ V.

Conversely, if hz is a smooth solution of (1.56), we can define f by

f=h+x2,
z

which is meromorphic and has a unique simple pole at p.
Thus, our task reduced to showing that (1.56) has a solution. By the definition of H 0.1 (2),
this is the case if and only if the class of 7 in H%! (X)) vanishes. However, by (ii), we have

dimg H" (X) + dimg H*' () =20, () =0 = H* (%) ={0}
so that [n] vanishes trivially. This finishes the proof. O

Theorem 1.57. Let X be a closed Riemann surface. Then Y is homeomorphic to CP' = S? if
and only if ¥ is biholomorphic to CP.

Idea of the proof. By the classification theorem for closed surfaces, Y is homeomorphic to S?
if and only if b; (X) = 0. By Corollary 1.55, there exists a meromorphic function f on ¥ with a
unique simple pole. We can view f as a holomorphic map f: ¥ — CP. A simple topological
argument yields that f must be in fact bijective (this uses crucially that the pole of f is unique
and simple). The reader can find the details of this topological argument in [Don, Sec 4.1]. [

Another reformulation of the above theorem is that the sphere S? admits a unique structure
of a complex manifold. This is in contrast with the torus T? (or, in fact, any closed orientable
surface with b; > 2), which admits continuous families of inequivalent complex structures.

Developing these ideas somewhat further one can obtain also a classification of all elliptic
curves, that is Riemann surfaces homeomorphic to the torus. Or, one can show that any closed
Riemann surface can be embedded into some projective space. However, this goes somewhat
beyond the purposes of this course.
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Chapter 2

Vector bundles, Sobolev spaces, and
elliptic partial differential operators

2.1 Vector bundles

Basic definitions. Roughly speaking, a vector bundle is just a family of vector spaces parametrized
by points of a manifold (or, more generally, of a topological space).
More formally, the notion of a vector bundle is defined as follows.

Definition 2.1. Choose a non-negative integer k. A real smooth vector bundle of rank % is a
triple (7, E/, M) such that the following holds:

(i) E and M are smooth manifolds, 7: £ — M is a smooth submersion (the differential is
surjective at each point);
(i) For each m € M the fiber E,, := 7~'(m) has the structure of a vector space and FE,,,
R¥;
(iii)) For each m € M there is a neighborhood U > m and a smooth map ) such that the
following diagram

>~

T 1(U) by » U x RF

iy
pry

U

commutes. Moreover, 1y is a fiberwise linear isomorphism.

The following terminology is commonly used: F' is the total space, M is the base, 7 is the
projection, and ¢y is the local trivialization (over U).

It is worth pointing out that one can equally well talk about complex and quaternionic vector
bundles. This requires only cosmetic changes, which are left to the reader. The preference for
real vector bundles in this section is given for the sake of definitness mainly. I shall feel free to
use complex vector bundles below without further explanations.

Example 2.2.

(a) The product bundle: M x RF;
(b) The tangent bundle 7'M of any smooth manifold M.

17
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Let F and F' be two vector bundles over a common base M. A homomorphism between E
and F'is a smooth map ¢: E — F such that the diagram

E L s F
TE
TF
M

commutes and ¢ is a fiberwise linear map.

Two bundles /' and F' are said to be isomorphic, if there is a homomorphism ¢, which is
fiberwise an isomorphism.

A bundle E is said to be trivial, if E is isomorphic to the product bundle.

Operations on vector bundles. Let F and F' be two vector bundles over a common base M.
Then we can construct new bundles £*, APE, E® F, E ® F, and Hom(FE, F) as follows:

() (E")m = (En)"
(N) (APE);, = AP(Epp);
@) (E®F)y =E,® Fy;
(®) (E®F)p = En ® Fy;
(Hom) Hom(E, F),, :== Hom(E,,, F,).

If f: M' — M is a smooth map, we can define the pull-back of E — M via
(f*E)m/ = Ef(m/).

For example, if M’ is an open subset of M and ¢ is the inclusion, then E|y; := (*E is just the
restriction of F to M’.

The reader should check that the families of vector spaces defined above satisfy the properties
required by Definition 2.1.

Exercise 2.3. Prove that £* ® F' is isomorphic to Hom(FE, F').

Exercise 2.4. Prove that the tangent bundle of the 2-sphere is non-trivial. (Hint: Apply the
hairy ball theorem).

Sections. Speaking informally, a section is an assignment of a vector s(m) € F,, to each
point m € M such that s(m) depends smoothly on m. More formally, we have the following.

Definition 2.5. A smooth map s: M — F is called a section, if 7o s = idy,.

Sections of the tangent bundle 7'M are called vector fields. Sections of APT™ M are called
differential p-forms.

Exercise 2.6. Let /' — M be a vector bundle of rank £ and U C M be an open subset. Prove
that F is trivial over U if and only if there are k sections e = (eq,...,¢ex), e; € ['(U; E),
such that e(m) is a basis of FE,, for each m € U. More precisely, given e show that ¢ can be
constructed according to the formula

Ypt: U x RY — By, (m,z) — e(m) - x.
In fact this establishes a one-to-one correspondence between k-tuples of pointwise linearly

independent sections and local trivializations of .
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We denote by I'(E') = I'(M; E) the space of all smooth sections of E. Clearly, I'(F) is a
vector space, where the addition and multiplication with a scalar are defined pointwise. In fact,
['(E) is a C*°(M)-module.

Given a local trivialization e over U (cf. Exercise 2.6) and a section s, we can write

k

s(m) =) aj(m)e;(m)

Jj=1

for some functions o;: U — R. Thus, locally any section of a vector bundle can be thought of
asamapo: U — RF,

It is important to notice that o depends on the choice of a local trivialization. Indeed, if €’ is
another local trivialization of £ over U’, then there is a map

g: UNU — GL,(R) suchthat e=¢"-g. (2.7)

If o': U’ — R is a local representation of s with respect to ¢/, we have

s=co' =eg o' =eo = o = go.

Covariant derivatives. The reader surely knows from the basic analysis course that the notion
of the derivative is very useful. It is natural to ask whether there is a way to differentiate sections
of bundles too.

To answer this question, recall the definition of the derivative of a function f: M — R.
Namely, choose a smooth curve v: (—¢,e) — M and denote m := v(0), v := ¥(0) € T,, M.
Then

af(v) = lim f0®) = f(m) (2.8)

t—0 t
Trying to replace f by a section s of a vector bundle, we immediately run into a problem,
namely the difference s(y(t)) — s(m) is ill-defined in general since these two vectors may lie
in different vector spaces.
Hence, instead of trying to mimic (2.8) we will define the derivatives of sections axiomatically,
namely asking that the most basic property of the derivative—the Leibnitz rule—holds.

Definition 2.9. Let £ — M be a vector bundle. A covariant derivative is an R-linear map
V:I['(F) — I'(T*M ® FE) such that

V(fs)=df @ s+ fVs (2.10)
holds for all f € C*°(M) and all s € I'(E).

Example 2.11. Let M C R”" be an embedded submanifold. Then the tangent bundle 7'M is
naturally a subbundle of the product bundle RY := M x RY. In particular, any section s of
T M can be regarded as a map M — R . With this at hand we can define a connection on 7'M
as follows

Vs = pr(ds),

where pr is the orthogonal projection onto 7'M A straightforward computation shows that this
satisfies the Leibniz rule, i.e., V is a connection indeed.

Theorem 2.12. For any vector bundle E — M the space of all connections A(FE) is an affine
space modelled on Q'(End F) = I'(T*M ® End(FE)).
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To be somewhat more concrete, the above theorem consists of the following statements:

(a) A(FE) is non-empty.
(b) For any two connections V and V the difference V—V is a 1-form with values in End(E);
(c) Forany V € A(F) and any a € Q' (End F) the following

(V+a)s:=Vs+as
18 a connection.

For the proof of Theorem 2.12 we need the following elementary lemma, whose proof is
left as an exercise.

Lemma 2.13. Let A: T'(E) — QP(F) be an R-linear map, which is also C* (M )-linear, i.e.,
A(fs) = fA(s) VfeC®(M) and Vsel(E).
Then there exists a € QO (Hom(E, F)) such that A(s) = a - s. O

Proof of Theorem 2.12. Notice first that A(F) is convex, i.e., for any V,V € A(E) and any
t € [0,1] the combination tV + (1 — )V is also a connection.

If ¢y is a local trivialization of E over U, then we can define a connection V; on E|y by
declaring

Vus =y d(du(s)).

Using a partition of unity and the convexity property, a collection of these local covariant
derivatives can be sewed into a global covariant derivative just like in the proof of the existence
of Riemannian metrics on manifolds, cf. [BT03, Thm. 3.3.7]. This proves (a).

By (2.10), the difference V — V is C*° (M )-linear. Hence, (b) follows by Lemma 2.13.

The remaining step, namely (c), is straightforward. This finishes the proof of this theorem.
O

While Theorem 2.12 answers the question of the existence of connections, the reader may
wish to have a more direct way to put his hands on a connection. One way to do this is as
follows.

Let e be a local trivialization. Since e is a pointwise base we can write
Ve=c¢e- A, (2.14)

where A = A(V,e) is a k x k-matrix, whose entries are 1-forms defined on U. A is called the
connection matrix of V with respect to e.
If o is a local representation of a section s, then

Vs =V(eo) =V(e)o+ e®do = e(Ac + do).
Hence, it is common to say that locally
V=d+ A,

which means that do + Ao is a local representation of Vs. In particular, V is uniquely
determined by its connection matrix.
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2.2 Sobolev spaces

2.2.1 Sobolev spaces on R"

Recall that the space of square-integrable functions is defined by

L* (R") == {u: R" — C | uis measurable & [ |u (z)|*dz < oo}.

R

This is a (complex) Hilbert space with respect to the Hermitian scalar product

(U, v) 2 = /n u(x)v () de.

Remark 2.15. Strictly speaking, we should also identify those functions, which differ only on a
subset of measure zero so that L? (R™) consists of classes of functions. However, this will not
be an issue for us and we shall treat square-integrable functions as honest functions.

The Fourier transform

For f: R™ — C decaying sufficiently fast at oo the Fourier transform f: R"™ — C is defined by

1

F) = —= ) e 48 dy.
€)= g [T
The Plancherel theorem states that
~ 2 1 2
£l = WHJCHL% (2.16)

that is (an extension of) the map f — fis essentially an isometry of L? (R™).
Leta = (ay,...,a,) € Z%, be a multi-index. Denote

|ex] «
Def <1> olelf

ar L Ggpan’
? 0x] Oxon

where || = a1 + ... + «,. The basic property of the Fourier transform is

Def(&) =€ (6), (2.17)

where £* = £ ... 0.

Another basic property of the Fourier transform is the following.
Lemma 2.18 (Riemann-Lebesgue). If u € L'(R"), thenu € C°(R™) and U decays at co.  [J
Denote by f¥ (€) = (2m)" f (—€) = [ f (z) €@ da.

Theorem 2.19 (The Fourier inversion theorem). If f € L' (R™) and fe L' (R™), then f agrees

~N VvV
almost everywhere with a continuous function fy and ( f ) = fo= ( fV) 0
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Sobolev spaces

Let u € L? (R™). For o € Z%, we say that v € L}, (R") is the o/"-weak derivative if

loc

ala\¢ o
/Rnu 0xS ... Owom (=1) /nv.w

holds for all test functions 1/ contained in
Cy? (R™) == {¢ € C*° (R™) | supp # is compact} .

The o' weak derivative does not need to exist in general, however if it does exist we simply

write
olely

~ 920 .. Qaon
keeping in mind that the above equality holds in the weak sense.
With this understood, given any integer £ > 0 we can define

v

olely,

a
Oxi" ... 0xon

H* (R™") = {u c L*(R") | exists and belongs to L* (R") Va s.t. |a| < k;} :
Somewhat less formally, this is expressed as follows:

ue H* (R") it Julfe =) 1Dl < . (2.20)

la|<k

Properties (2.16) and (2.17) imply that u € H* (R") if and only if (1 + |§|2)§ u(¢) e L*(R).
Hence, we can equally well define H* (R™) by

i @) = ful ol = [ (14169 (6 Pl < o0}

Moreover, the norm appearing in the above definition is equivalent to (2.20). The advantage of
the above definition is that this makes sense for any £ € R, not just non-negative integers.
The following are basic results about Sobolev spaces.

Proposition 2.21. Assume u € H* (R"), where 3 == k — % > 1 € Ny. Then u € C" (R") after
changing u on a subset of measure zero if necessary. Moreover, the natural inclusion

H* (R") — C' (R")
is bounded, that is ||u||ct < C||u||gr for some positive constant C' independent of .

Proof. Using (2.17) we obtain
[107ul @ ds = [ievace e < [ (1+162)F @i lag
< [ @rle)ac e,
provided || < .
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Furthermore, by the Cauchy-Schwartz inequality we have

/ (1+1¢f*) 7 (&) e = / (1+1EP) [ ) |- (1+16f?) ™ d

< ( [a+ien e !%)é ( [ d5>2

The last integral converges since |[£[20=F) . [¢|"~! = |¢|%, where 8 = 2(I — k) +n — 1 <
—n +n — 1 = —1. Hence, we obtain

[NIES

/ Do (€) de < Clullye.

Hence, D®u € C° by a combination of the Riemann-Lebesgue lemma and the Fourier inversion
theorem.
Moreover, -
D%l o < [[Dullfy < Cflul| g,

which finishes the proof. [

Proposition 2.22 (Rellich). Suppose u; € H* (R") is a sequence such that there exists a
compact subset K C R" containing supp u; for all j. If ||u;|| . is bounded, then for any
s < k there is a subsequence uj,, which converges in H* (R™). 0J

2.2.2 Sobolev spaces on manifolds

In the case when the base is a closed oriented Riemannian manifold M rather than R, the
definition of the L?-spaces generalizes in a straightforward manner. Namely,

L* (M) = {u: M — R |ullz: = (/M |u|%oz>é < oo}.

Let E be an Euclidean vector bundle over a manifold M. That means that each fiber F,, is
equipped with a scalar product (-, -),,, and this scalar product depends smoothly on m. More

formally, just like in Definition 1.18, an Euclidean structure on F is a smooth section (-, -) of
E* @ E* such that
(v,w) = (w,v) and (v,v) >0

holds for all v, w € E,, and all m € M; In addition, in the last inequality we assume v # 0.
In any case, the definition of the L?-spaces for sections of Euclidean bundles generalizes in
a straightforward manner. Namely, if M/ is a compact oriented Riemannian manifold, then

12(E) = {sr Il = (/M\s\%ozf <oo}.

Furthermore, pick a connection V € A (F). It is convinient to assume that V is Euclidean, that
is

d(s1,82) = (Vs1, s2) + (s1, Vsa)

holds for all smooth sections s; and s9 of F.
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Remark 2.23. Any Euclidean vector bundle admits an Euclidean connection. Moreover, the
space of all Euclidean connections on £ is an affine space modeled on

Q' (M; 0(E)) =T (I"M ®0(E)), where o(E):={AcEnd(E) | A*=—A}.

These facts can be established by a straightforward modification of the proof of Theorem 2.12.
We can define

1
H'(B) = {s | llsllin = (Isl3: + [ Vsll3)* < oo}
Remark 2.24. If s is smooth, then Vs is a 1-form with values in £. Then

n
Vsl2, =) |Vess
i=1

2

)

where (eq, .. ., e,) is an orthonormal basis of 7}, M. Thus, somewhat more precisely by ||V s|| .2

we mean 1
3
IVs|lzz = (/ |Vs|2, UOlm) :

M

Just like in the case of R™, H! (E) can be understood in at least two following ways. First,
we can define H' (F) as the completion of T' (E) with respect to the || - || z1-norm. Secondly,
for s € L? (F) we can first define the weak covariant derivative Vs as a functional acting on
Q! (E) and ask Vs to liein L*(T*M ® E).

To describe some details concerning the second approach, notice that akin to the de Rham
complex for any connection V we have the sequence

0= QUE) =T(E) =2 oY(B) & ... 2% Q"(E) = 0, (2.25)
where for w ® s € QF(FE) the map dy is defined by
dy (w® s) = (dw) ® s + (—=1)Fw A Vs.

Notice, however, that (2.25) is not a complex in general, that is dy o dy does not necessarily
vanish.
In any case, just like for the de Rham differential we can also define

ds: QYE) = QF(E) by db = (—1)" s dy %,

cf. Proposition 1.24. Here the Hodge operator acts as follows: *(w ® s) = (*w) ® s. Assuming
V is Euclidean, d5 is the formal adjoint of dy, that is

(dva, B)r2 = (o, dyB) 12
holds for all « € Q*(E) and all 3 € Q*1(E).

With these preliminaries at hand, if s € L?*(F) the value of the weak derivative Vs on
Y € QY(F), which has a compact support, is declared to be

(Vs, ) == (s,dG1)) 2.

Then we can define H' (E) as a subspace of L? (F) consisting of those s, whose weak derivative
belongs to L?, that is if there exists w € L? (T*M ® E) such that

<w7 w>L2 - <37 d%w>L2

holds for any ¢ € ' (E). Of course, in this case we must have w = Vs.
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Our definition of H' (E) depends a priory on the choice of the connection V. It turns out
that this dependence is not really essential as the following result shows.

Proposition 2.26. Pick any two Euclidean connections NV and V' on E. If M is compact, then
the corresponding norms || - || g1 and || - ||’y are equivalent.

Proof. By Theorem 2.12, we have V' = V +a, where a € Q! (End (F)) (in fact a takes values
in o (E), but this is immaterial here). Denote

A= sup |a,| = sup sup |a, (v)] < oco.
meM meM v|€7‘ﬂmf\/l
v|l=

Then for any v € T}, M of unit norm and any smooth section s we have
Vis=Vys+a(v) s=|V.s| <|V,s|+ Als|
Hence, for any orthonormal basis (e, . . ., e,) of T,,M we obtain

2 2 2 2
+ Als|) gz(Zyveisy +nA ysy> 0

=1

n

Vs = S Vs < 3 (Vs

i=1 i=1
= 2|Vsl|Z, + 2n A%|s]>.

Here to obtain the second inequality we used the mean inequality

atb_ <a2—|—b2)57

2 - 2

where a and b are positive real numbers.
With the help of (2.27) we obtain

IV'sl| 2 < ChlVs]| 2 + Calls|l 2

for some positive constants C'; and C5 independent of s. This yields the claim of this proposition.
0J

Our next aim is to define the Sobolev spaces H” (E) with k& > 1 being an integer. To this
end notice first the following.

Lemma 2.28.

(i) If V is a connection on a vector bundle E, then there exists a unique connection V* on
E* such that
d{o,s) = (V*a,s) + (0, Vs) (2.29)

holds for all o € I'(E*) and all s € T' (E). Here (-,-) denotes the natural pointwise
pairing E* @ E — R.

(ii) If VE and V¥ are connections on vector bundles E and F respectively, then there exists
a unique connection V on E @ F such that

V(is®t)=Viset+sa Vit (2.30)

holds forall s € T (E) and allt € T (F).
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The proof of this lemma can be obtained by a straightforward verification that V* and V
defined by (2.29) and (2.30) respectively satisfies the Leibnitz rule. I leave this as an exercise
to the reader.

With this understood, we can proceed as follows. Pick an Euclidean connection V¥ on E
and an Euclidean connection V7 on T'M. This yields a connection V = V (VZ, VTM) on
T*M ® E. Hence, for any smooth section s of £ we can define the second derivative by

Vs=V (V) eI (IT"M @T*M ®E).

In a less regular case, for example when s € H'(E) we can still define the weak second
derivative as a functionalon I" (T*M ® T*M ® F) just like we defined the weak first derivative.
Then we may set

H*(E)={se H'(E)|V?’se L*(E)},
={s| llsllf2 = lIslZz +IVslZ2 +[[V*s]l72 < 0o},

where the second equality should be treated with care just like in the case of functions.
Furthermore, we can define H* (E) for any integer & > 2 by induction. The details are left
to the reader.

Alternatively, we can also define H* (E) as the closure of I' (E) with respect to || - || g+,
where
k
[sll7ze = > 11V slZ. (231)
=0

Yet another way to define Sobolev spaces, which works for any real £, is as follows. Since
M is compact, we can pick a finite covering (U,, 1), where 1, is a trivialization of E|Ua just
like in Definition 2.1. Moreover, we can assume that each U, is a coordinate chart. Let {p, } be
a partition of unity subordinate to {U,, }, that is

* supp pa C Uy;
* po > 0 everywhere;
* > . Pa(m)=1foreachm e M.

If s is a section of £, over each U, we can identify s with some s, : U, — R!, where [ is the
rank of £, as follows:

o 08 = (id, sq) .

Hence, we can think of p,, - s, as a map defined on R" with compact support. Finally, we set
[l =D 190 - sallfze-
(63

This norm depends on the choice of {(U,, 1a, pa)}, however turns out to be equivalent to (2.31)
if k is an integer. Hence, we can define H* (E) in the usual way, for example as the completion
of I' (E) with respect to the above norm.

With this understood, we have the sequence of inclusions

L*(M; E) = H*(M; E) > H'(M; E) D H*(M; E) D ...

Relations between all these spaces is given by the following theorem, which is of fundamental
importance in the theory of PDEs.
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Theorem 2.32. Let M be a compact manifold.

(i) The natural inclusion

j: H*(M; E) c H'(M; E)

is a compact operator provided k > [. This means that if k > | any sequence bounded in
H* has a subsequence, which converges in H'.

(ii) We have a natural continuous embedding
H"(M; E) c CY(M; E)

provided k — % > 1. In particular, if s € H*(M; E) for all k > 0, then s € C*~(M; E).

2.3 Differential operators

Let I/ be a smooth complex vector bundle of rank a over M. This means that each fiber F,,
has the structure of a complex vector space and its dimension equals a; Also, Property (iii) of
Definition 2.1 should be read as follows: For each m € M there exists a neighbourhood U > m
and a smooth map 1)y show that the following diagram

T —>U><(C“

\/

commutes. Moreover, 1y is a fiberwise complex linear isomorphism.
Given a local trivialization 1;; as above, any section s € I' (E) can be identified with a
smooth map o: U — C® in the following sense:

¢U 0S5 = (idU,U) .
In other words, we have a well-defined C'*>° (M; C)-linear isomorphism
Uy: T (E|,) — C*(U;C").

Let F' be another complex vector bundle over M of rank b. Then F' admits a local trivialization
over some neighbourhood U’ of M. Replacing U and U’ by U N U’ if necessary, we can assume
U’ = U. Notice also that by shrinking U further if necessary, we can assume that U is a chart.
Denote by (z1, . .., x,) local coordinates on U. Let v){; be the trivialization of F over U so that
sections of I over U can be thought of as maps U — CP.

Definition 2.33. A C-linear map L : I' (E) — I' (F)) is called a differential operator of order
at most l,~if for each choice of local trivializations of £ and F' as above there is a differential
operator L: C* (U;C*) — C* (U ; Cb) of order at most [ such that the following diagram

Ij(E|U) —— F(F{U>

o

C> (U;C?) —=— C= (U;C?)
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commutes. Here L is said to be a differential operator of order at most [, if L admits a
representation
olelg
Lo =) ao(2) 55— (2.34)

(91:0‘1 ... Ozom’
la|<l 1 n

where a, € C™ (U; Myxp (C)) and M,y (C) denotes the space of all a x b-matrices with
complex entries.

Remark 2.35. We can equally well define real differential operators acting on sections of real
vector bundles. This requires cosmetic changes only. The choice to focus on complex differential
operators will be somewhat clearer below.

Example 2.36. Let M be any manifold of dimension n. Recall that any chart (U, xq,...x,)
yields a trivialization of 7* M. The corresponding map ¥y : Q! (U) — C> (U;R") is given by

w1

w = Zwl ) dx; —

Wn

Consider the differential as the map d: Q° (M) =T (R) — Q' (M). Since R is globally trivial,
there is no need to choose an extra local trivialization of R. Then, relative to the above choice
of the local trivialization of 7™ M, the local representation of d is given by

af 1 0

o 01 o 01 9
fr— : = . f A+ ] / :

Bf : axl . axn

Oy 0 1

In particular, d is a first order (real) differential operator.
By the same token, d: Q% (M) — QF (M) is a first order real differential operator for
each k.

Let Diff,, (F, F') denote the vector space of all differential operators of order at most k.

Proposition 2.37. Any L € Diff; (E, F) extends as a bounded map L: W*? (E) — Wk=tr (F),

The proof of this proposition follows immediately from the property ljcrf &) = fo‘f(f )
and the definition of WW*P-norm in terms of the Fourier transform.

2.3.1 Symbols of differential operators

Consider the following second order differential operator

Lu = . b; ( , 238
u = ljzl a; J axzﬁxj ; axl ( ) Uu ( )
where v is a function of n variables (z1,...,z,). It is well-known from the theory of linear

PDE:s that in many cases the most essential properties of L depend on the highest order terms

only, that is on
L@y = zn: ai; () ﬂ
" 8:1718:16] .

,j=1
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It is convenient to represent this operator by the expression

n

o(L)=— Z aij () &&5,

i,7=1

where & = (&1,...,&,) can be understood as a formal variable and the negative sign is a
convention. This leads to the notion of the symbol of a differential operator.

It is important to understand how the symbol changes if we change the variables, since on a
manifold there are no preferred coordinates in general. Thus, let

=1 (21,..., %)

yn:yn(xlw";xn)

be new coordinates on R™. If u (z) = v (y (x)), then we have

“ Oy O; — Or:0x; = OypOyy O; Oy o= Ay, Ox:0x;

Z v dy, 0*u L 0% Oy, 0y, <= Ov 0%y,
8:1:Z

Substituting this into (2.38) we obtain

oy, Oy, Ov ~
Lu = g A = Lv
i7j§ ) Y Oz; Oz 0y,0y,
where "..." denotes the lower order terms. Therefore, the symbol of Lis given by
(L)) =->_ (Z i D, Oa; |
p,q=1 \i,j=1
Hence, if we set
§-= 8%77 — E:éﬁhn
! « O b « 0; v

then . 3
o(L) () =0a(L)(§) <= o(l)(n)=0(L)(n)
holds identically for all € R", where

9y1 Oy2 Ayn
oz o1 Ctt O
9y Oyz Oyn t
J — 8382 8m2 e 8352 — @
ox
oy Oy Oyn
0rn  Oxn OTn

This implies the following. Think of (z, &) as coordinates on 7*R"™ = R" x R". If we change
the coordinates = on R™ for y as above, we obtain new coordinates (y,n) on T*R"™. Moreover,
these coordinates are related by

y=y(x) and 5—($>-n
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= 0'( ) (y,m) is just the expression for o (L) in these new coordinates. Put
(&) = o (L) (x,€) is well-defined as a function on T*R".
(L) (¢) is homogeneous of degree 2 in &, that is

o (L) () = Mo (L) (€)

Hence o (L)
differently, o ( )
Notice that o

forall A € R.

In general, we can proceed as follows. For vector bundles £ and F' as above, consider
7 — T*M and 7*F — T* M, where 7: T*M — M is the cotangent bundle. For any
[ € Z set

Smby (E; F) = {0 € T (Hom (7*E, 7*F)) | o (m, A\§) = Mo (m,€)}, (2.39)

where A > 0 and (m,§) € T*M.

For any linear differential operator L: I' (F) — I'(F') of order at most [ as above, its
symbol o (L) is an element of Smb; (E; F'). This can be defined via the local representations
of L just like we did above in the case of the second order operators acting on functions. To be
more precise, if L is a local representation of L just like in (2.34), define

m§ —leaa )€Y € Myyy (C).

|ar|=l

This yields a map
7 (U) =U x R" — M,y (C),
where U C M is as in Definition 2.33. A computation similar to the one we did above shows
that o (L) is a local representation of a well-defined section o (L) of Smby (E; F).
Alternatively, somewhat more invariantly, one can also define the symbol as follows. Given
(m,&) € T*M and e € E,,, pick f € C* (M) and s € I" (E) such that f (m) = 0,df,, = &,
and s (m) = e. Define

'l
o(L)(m,§)e=1L (%fls) SO
It is then easy to check that this is equivalent to our definition of the symbol in terms of local
representations of L.
Denote by Diff; (F; F') the vector space of all linear differential operators L: I' (E) —
[’ (F') of order at most [. Thus, we obtain a linear map o: Diff; (E; F') — Smby; (E; F'), which
has the following properties.

m

Proposition 2.40.
(i) Foranyl € 7,1 > 1, the sequence
0 — Diff, 4 (E, F) — Diff, (E, F) — Smb, (E; F)

is exact.
(ll) O'(LloLQ) :O'(L1>00'(L2). O

Example 2.41. Recall that in local coordinates the Laplacian (acting on functions) is given by

\/%@' ( fgfgijajf> :

Af =

Hence, for the symbol we have

o (8)(&) = +—=& (VIdlg") = g7&& = ¢
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Example 2.42. Consider d: QP (M) — QP! (M), which is clearly the first order linear
differential operator. Pick a point m € M and a function f € C* (M) such that f (m) = 0.
We have

d(fw) ‘m = df/\w|m+0-dw}m = df/\w‘m.

Hence, o (d) (m,§) (o) = i€ A a.

2.3.2 The formal adjoint of a linear differential operator and its symbol

An important role in what follows is played by the adjoint of a differential operator. We first
prove an auxiliary result, which will be useful below, define the (formal) adjoint operator, and
prove its existence afterwards.

Let £/ be Hermitian vector bundle. The Hermitian structure is defined just like the Euclidean
one, namely as a family of Hermitian scalar products (-, ), on each fiber depending smoothly
on m.

Lemma 2.43. For any non-negative k € R, we have (W"? (M; E))" = W=*2(M; E). In
particular, the natural semilinear map

s,t— (s,t);2, s,teC*(M;E)
extends to the semilinear map

Wk2(M; E) x W™ (M; E) — C
such that | (s,t) | < C||s||wwz |||l -2

Idea of the proof. The proof boils down to showing that for any u,v € Cg° (R"; C) we have
< Cllullwrz|lv]lw-ra.

‘/nu(x)@(m)dx

To see that this inequality holds indeed, notice that the Plancherel theorem yields

/nu(x)f)(x)da:

= (2m)"

| a5
<en [ E©I0+1E)F B0+ Hdg

R™ R™
= 2m)" lullwez - [[ollw-ra,
where the last inequality follows from the Cauchy-Schwartz inequality. 0

Let F be another Hermitian bundle. Slightly abusing notations, we denote the Hermitian
structure of F still by (-, -).

Definition 2.44. Let L: I' (E') — I' (F') be a C-linear map. A C-linear map L*: I" (F') — I" (E)
is called the formal adjoint of L, if

(Ls,t);2 = (s,L"t);- :/ (s,L"t),, voly,
M

holds forall s € ' (E) and all t € T' (F).
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Proposition 2.45. If L € Diff, (F; F), then L* exists and is unique. Moreover, L* € Diff, (F'; E)
and o (L*) = o (L)*, where o (L)" denotes the pointwise Hermitian-dual map.

Proof. The proof consists of the following steps.
Step 1. The formal adjoint operator is unique.

Indeed, if L] and Lj are two formal adjoint operators, then for all s, ¢ as in the definition we
have

0=(s,(L7 —L3)t);- = Ly =1L3.
Step 2. L* exists.

For each t € C*° (F') consider the functional
S () = (L3, ).

Since
Ve (5) | < | Ls|lw—r2[t]lwre < Clltlwez|sllwi-re, (2.46)

1), can be viewed as a bounded functional on W' =%2. Hence, there exists a unique u = u (t) €
W42 such that ¢y (s) = (s,u (t)).
Since 1); depends semilinearly on ¢, the map ¢t — wu () is C-linear. Moreover,

HthWl—k,z = sup |wt (8) ’

LT < Ol (8) [y (2.47)
540 |[S[lwi-rz

In fact, ||1¢]] = C||u(t) |lyr-12, since', roughly speaking, (2.47) follows from the Cauchy-
Schwartz inequality, which is optimal.
We set L*t := u (t). Then by (2.46) we obtain

L7t wrer2 = [ (@) lwero < Clt]lwe2

for any & € R. In particular, L* yields a bounded map W2 — W*=t2 If t ¢ C*, then L*t
does not depend on & and belongs to W*~"2 for any k € R. Hence, L*: C* (F) — C* (E).

Step 3. Let L: C*° (R™; C*) — C*= (]R"; Cb) be a linear differential operator of order l. Define
the weighted Hermitian L*-scalar product on C$° (R™; C*) by

(.00 = [ (@) p (o)

where p is a positive smooth function. Then L* defined by

(Ls. )., = (s.L71) ., ¥s € C5® (R™CY) and vt € G (R™; C)

is also a linear differential operator of order l. Moreover, O’([N/*) =0 (L) "

' A proper justification of this equality requires an extra argument, which I omit here.
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Write L = _jaj<1 Ga (x) D* and consider the term corresponding to o = (1,0,...,0). We

have
(aaD%s, 1)1 , = / (a0 D*s)" tpdx = —i/ (015)" al"t pda
R n

= —i/ (01 (s"alltp) — 501 (altp)) dx

=0+ z/ s alr (6_175) pdxr + z/ s O, (aZp) tdx

= / st (a;Dat) pdx — / s"@pdm,
where b, = —%61 (a’p) and o’ = (a)" denotes the Hermitian dual matrix. In other words,
for « = (1,0,...,0) we have (a,D*)" = a* D, — b,. Iterating this argument, we obtain

(aaD*)" = a’, Dy + S,, where S,, € Diff|,_1. This yields

L= a(x) Do+,

laf=l

where S € Diff;_;. In particular, we have a(f)*) = a(f})*.
Step 4. If L € Diff, (E; F'), then L* € Diff; (F; E) and o (L*) = o (L)".

Let ¥ be a local trivialization of E over an open neighbourhood U. Recall that such a
trivialization is given by a collection (eq, . . ., ¢, ) of pointwise linearly independent sections over
U. By applying the Gram-Schmidt orthogonalization process, we can assume that (e; (m) , ..., e, (m))
1s an orthonormal basis of F,, for each m.

Assume U is a chart with local coordinates (x1,...,z,) and (f1,..., f,) is a trivialization
of F such that (f; (m),..., f, (m)) is orthonormal at each m € U. Let L = > laj<1 Ga (2) D*
be the local representation of L over U. Write also vol = p (z)dzy A ... ANdz, = p(x)dz,
where p is a positive function on U. Then for any s € I' (E) and ¢ € I' (F') such that supp s and
suppt are contained in U, we have

(LS,t)LQ — ([:0_, T)Lz,p = (0—’ L*T)LQ,/)’

where o and 7 are local representations of s and ¢ respectively. Moreover, L* € Diff;. 0

2.4 Pseudodifferential operators

Before giving the formal definition of a pseudodifferential operator, let us consider the following
model case. Assume we want to solve the Poisson equation

Au(z) = f (z), z e R", (2.48)

where f is a given function on R™. Assume f € L? and we are looking for a solution u € WW?2?2
of (2.48). Applying the Fourier transform to both sides, we obtain

@+ 1eae=F© = a@zé{@
GilaE)
= U(w):/ﬂgnwf(f)df-
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In particular, the map, which assigns to f € L? a solution u € W22 of (2.48) is not a differential
operator. This leads to the concept of a pseudodifferential operator, which will be very useful
below.

Let U C R" be an open set and let [ be an integer.

Definition 2.49. The class S' (U) consists of functions p = p (, &) on U x R” satisfying the
following: For any compact K C U we have

IDIDEp (,6)| < Capc (L +[EN)T, zeK, €eRY, (2.50)
where « and 3 are multiindices.

Definition 2.51. The class S’ () consists of those p € S* (U) for which the limit o; (p) (z, £) =

limy oo ’% exists for £ # 0 and

p(2,8) =¥ (& o (p) (x,€) € S (U), (2.52)
where 1 is a cut-off function such that 1) = 0 near the origin and 1) = 1 outside of the unit ball.

Example 2.53. Let p (z,§) = >, < Pa (x)§*. If each p, is bounded in any C" (U), then
pe SHU).

Definition 2.54 (Local pseudodifferential operator). For any p € S (U) and any u € Cg° (U)
set

L) = | pT(e) e

Example 2.55. 1f p (r.£) = |¢{* = & + ... + &, then £ (&) = D?u so that Lu (z) =
-3¢ 2 = Au. More generally for any p(x §) = D juj<iPa () £ the map L, is a linear
differential operator of order /.

Example 2.56. Assume K € C* (U x U;C) and supp K (z, -) is compact. Consider the map

/ K (z,y) u(y)dy,
where u € C§° (U). We have

/K r,y)u dy=/UK<x,y> (/ne“y’%(é)dé> dy
:/ RICES: (/ ei(yfx,@[((x’y) dy) u (&) dE.
n U

Setting p (z,€) = [, e "9 K (x,y) dy, we see that L = LU, that is integral operators are
also pseudodifferential operators at least formally. In fact,

p(z,6) = 700 / N I () dy = @O K (2,)" (€).
U

Hence ¢®%)p (z, €) is essentially the Fourier transform of a compactly supported function and
therefore is rapidly decaying, that is (1 + |€])" |p (z,€)| — 0 as & — oo for any N > 0, see
Step 1 of the proof of Theorem 2.57 for details.
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Theorem 2.57. Assume p belongs to the class
SL(U) = {p e SY(U) |3 empt K C U with suppp (-,€) C K V€ € ]R”}.
Then L, maps C§° (R™) into C* (R™) and its closure yields a bounded map L,: W"? (R") —
kal,Q (Rn)
Proof. The proof consists of the following steps.
Step 1. L, (C5° (R™)) € C* (R™).
If u € C3° (R™), then
€0 (e) = Dou() = (2m) " [ Du(w)e " da
R

yields that [£%||u (§) | < C,, since supp u is compact. Hence, for any N € N we have
@& < On 1+, (2.58)

which implies in turn

D7p (2,6 T (€) | < Cws (L+ €D (141N

Furthermore, assume N >> 1. Then the integral | (DZp(z,§))a()e’™< d¢ converges
absolutely for any (3. This implies that [ p(z, £)@(£)e! @ d¢ is smooth in z.

Step 2. For any £, € R™ and any k > 0 we have the inequality

k
2

(1+16P)2 <22 (1+1€—nl*)® (1+[n?)

By the Cauchy-Schwartz inequality we have
L[+l < T+ +n)? < 1+2(CP+ ) < 2(1+[CP) (1+0P).

Substituting ¢ = £ —n we obtain 1+ £ < 2(1 + |£ — n|?) (1 + |n|*), which implies the claim
of this step.

Step 3. We prove the inequality || Lyul|yr2 < Cllullyrrie.

First notice that we have

Just like (2.58), we obtain

N~

BECmI<Co@+IcP)™ (1+mnP)2.
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Furthermore, using Step 2 we have

pr\%t(é)ISO/(lﬂf—nlz) (L ) )
(L+1E=n>" o\ B

<C : 2 u d

< / i) (L+n*) = [@(n)|dn

<cigh) [ @ale—nP) ™ (1) @l

which yields in turn

T L -N+%& Bk
L@ (14 167)* <€ [ (@ale=n?) ™ (1o ) = 2 o)l
Applying Young’s inequality || f * g||zz < ||f||z:]|g]|z2, for NV > 1 we obtain

_N+kE
| Lpull e < Cl (14 [€]7) > [ o f|wl| g

Let L: C§° (M;C) — C* (M;C) be a linear map.

Definition 2.59. L is said to be a pseudodifferential operator of order [ if for any chart U C M
and any open subset U’ C U such that U’ C U there exists some

p€S(U) =S U)ns U)
with the following property: For any u € C5° (U’) we have Lu = Lu.

Remark 2.60. Pseudodifferential operators are non-local in general, that is supp Lu ¢ supp u
in general. This lack of locality for pseudodifferential operators explains the appearence of U’
in the above definition. In particular, the function p may depend on U’.

Just like in the case of the differential operators we can define the [-symbol of a pseudodifferential

operator L by
o p(x, A
o (p) (2,6) = Jim L)

€40

assuming that this limit exists.
Just like in the case of differential operators we have the following basic result.

Proposition 2.61. Let U be an open bounded subset of R™ equipped with coordinates (1, . . ., x,)
and let p € S\ (U). Lety = f (x) be new coordinates on U. Let L be the representation of
L = L, in these new coordinates, i.e.,

Lv = L(vof‘l) o f.

Then there is a function q € S} (f (U)) such that L = L,. Moreover,

or(q)n =01 (p) ((%)tn) :
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Definition 2.62. L is said to be a pseudodifferential operator of order [, if locally L = L,, and
p € S’ The class of all pseudodifferential operators of order [ is denoted by PDiff; (M).

The above proposition yields that to any L € PDiff; (M) we can associate a well-defined
(principal) symbol
o1 (L) € Smb; (C;C) C C*(T"M;C).
Notice, that if [ is negative, the homogeneity property of the symbol implies that o; (L) may be
singular along the zero section. Thus, strictly speaking, o; is defined away from the zero section
only.
A simple consequence of Theorem 2.57 is the following.

Proposition 2.63. If M is compact, then the closure of any L € PDiff, (M) yields a linear

bounded operator
L: H* (M) — H*'(M).

0

Let F and F' be complex vector bundles over M.

Definition 2.64. A linearmap L: C§° (M; E) — C*> (M; F) = I' (F) is called a pseudodifferential
operator if for any chart U such that £ and F’ admit trivializations over U and any U "' U such
that U’ C U there exists a matrix p = (p;;) with p;; € Sj (U) so that the diagram

Cee (U, E) —2— C> (U; F)

R
Cge (U';C7) —2s ¢ (U'; CY)

commutes. The matrix p is called the local symbol of L (this depends on the choices made). If
L € PDiff; (E; F), then we have a well-defined principal symbol o; (L) € Smb, (E; F').

Theorem 2.65. For any smooth manifold M the sequence
0 — K;_, (E; F) — PDiff; (E; F) -2 Smb, (E; F) — 0 (2.66)
is exact. Here K, 1 := Ker 0;. Morever, if M is compact, then
Le K, — L: Wk (E) — W D2 (F) s bounded. (2.67)

Sketch of proof. We first prove (2.67). Thus, assume L € K, 1, thatis o; (L) = 0. Then locally
we have L = L, and .
o (p)=0 = pe Syt

by (2.52). Then (2.67) follows from Theorem 2.57.

We also need to show that o;: PDiff; (E; F) — Smb, (E; F) is surjective. Thus given
o € Smb; (E; F), pick a chart (U, (xy,...,x,)) such that both £ and F' admit trivializations
over U. Hence, given these choices o can be written as a matrix p = (p;; (x, €)) so that the local
pseudodifferential operator L, can be defined. Then the global map L: I' (E) — I' (F') can be
obtained with the help of a partition of unity. The reader may find the details in [WelO8, Thm.
IVv.3.16]. 0

Just like in the case of linear differential operators we have the following result.
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Theorem 2.68. Let E, F, and G be Hermitian vector bundles over a compact manifold M.
Then the following holds:

(a) If L € PDiff, (E; F)and S € PDiff; (F; G), then SoL € PDiff,, ; (E;G)and o145 (S L) =
05 (S) e oy (L).

(b) If L € PDiff (E; F), then the formal adjoint L* exists and belongs to PDiff, (F; F).
Moreover, o; (L*) = o, (L)".

The proof, which is omitted here, can be found in [WelO8, Thm. 1V.3.17].

2.4.1 Elliptic operators and their parametrices

Definition 2.69. An operator L € PDiff; (E; F)) is said to be elliptic, if for all (m, &) € T*M
such that £ # 0 the symbol o (L) (m,§) : E,,, — F,, is an isomorphism.

Example 2.70. Consider the Laplacian A acting on functions. By Example 2.41, 0 (A) (m,§) =
|€]2. Hence, A is elliptic.

More generally, consider the Laplacian A = dd* +d*d acting on p-forms. By Example 2.42,
we know that o (d) (§) a = i £ A . For € € T*M denote by £# € T, M the metric dual of &,
that is £7 is defined by requiring that the equality

9m (5#77}) = 5 (U)

holds for any v € T,,M. A computation yields that the adjoint of o (d) is given by

o (d)"(§) B = —i (1),
where 1.4 : APTVT* M — APT: M is the contraction:

zg#w:w(f#, . )
This yields in turn:

c(A)w=(o(d)eo(d)+o(d)oo(d)w=_EAN (terw) + te# (E Aw)
=EA (Lerw) + |EPw — ENigrw = €] w.

Thus, o (A) is still given by the multiplication with |£|? and, hence, A is elliptic.

This example largely explains our interest to elliptic operators. It turns out that this class
contains many other interesting operators and has particularly good properties, which we consider
next.

Definition 2.71.
(i) If L: C>™ (F) — C* (F) is a linear map, then we say that L € OP; (E; F) if the closure
of L yields a bounded map H* (E) — H*~!(F) for each k € R.
(ii) For L: C* (E) — C*° (F'), alinear map S: C* (F') — C* (E) is called a parametrix,
if
LoS —idr € OP_y (F) and SoL —idp € OP_4 (E).
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For example, any pseudodifferential operator of order [ on a compact manifold belongs to
OP; by Proposition 2.63.

A parametrix should be understood as an approximate inverse in some sense. It should not
be surprising that explicit examples are not easy to construct. However, one general way to
obtain a class of examples is as follows.

Suppose 2 C R" is a bounded domain with smooth boundary 0f2. Consider the classical
Dirichlet boundary value problem

Au = in 2
{ u=/f in 2.72)
u’aQ =0,
where A = — > 88722_ is the standard Laplacian acting on functions. I will use the well-known

fact that the solutionjoperator G, which assigns to f a unique solution u = uy of (2.72) belongs
to OP _, (this is proved below in fact). Taking this as granted for now, consider a slightly more
general boundary value problem

where K € Diffy. Then for L := A+ K we have GoL—id = GoA+GoK —id = Go K € OP_;
and also L oG —id = K o G € OP_;. Thus, G is a parametrix for A 4+ K.

One of the main theorems about elliptic operators is the following.
Theorem 2.73. For any elliptic L. € PDiff; (E; F) there exists a parametrix S € PDiff_, (F'; E).

Proof. For any elliptic L the symbol o (L) is invertible at each (m,{), ¢ # 0. Then by
Theorem 2.65 there exists some S € PDiff_; such that o_; (S) = o; (L)™". We have

o1y (L oS — ZdF) = 0] (L) °0_1 (S) — 0y (ZdF) = O,

sothat Lo S —idr € OP_;.
A similar argument yields that S o L — ¢dg belongs to OP _; too. U

2.4.2 Elliptic estimate

Let B; and B, be two Banach spaces. Recall that an operator K: B; — DBy is said to be
compact, if the image of the unit ball in B; is relatively compact in By. This means that for
any sequence u; in B; such that |lu;||g, < 1 there exists a subsequence u;, such that Ku;,
converges in Bs.

Proposition 2.74. Let M be a compact manifold, L € Diff, (E; F') an elliptic operator, and k
a real number. Then the following holds:

(i) Hr = Ker (L: H* - H k*l) is finite-dimensional and consists of smooth sections only;
In particular, H 1, does not depend on k.

(ii) Denote V = Hi N H*"'(E), where 1 means the orthogonal complement in L? (E).
Then for all k > 0 there exists a constant C}, > 0 such that

HL'UHHk Z CkHUHHk-s-z (2.75)

holds for all v € V provided k > 0.
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Proof. The proof consists of the following steps.
Stepl. K € OP_, (E;F) = K: H*(E) — H*(F) is compact provided M is compact.

Indeed, K: H* (E) — H*"!(F) is bounded and the embedding j: H*™! (F) — H* (F)
is compact, since M is compact. Then K: H* (E) — H" (F) is compact as the composition
of bounded and compact linear maps.

Step 2. We prove (i).

For the proof we need the following standard fact of functional analysis: The unit sphere
in a Banach space B is compact if and only if B is finite-dimensional. With this understood,
we obtain that for a compact operator 2: B — B, where B is a Banach space, any eigenspace
By = {u | Ru = \u} is finite dimensional provided \ # 0.

Assume Lu = 0. Applying a parametrix of L to both sides of this equation, we obtain
u+ Ru =0, where R = So L —id: H* — H* is compact. Hence, the space

Hi ={ue H"|Lu=0} ={ue H" | Ru= —u}
is finite-dimensional. Moreover, since R € OP_4,
weH" — weH"" — yefd"*"? — . ..

so that u € NH® = C*°. In particular, each u € H% is smooth so that H% in fact does not
depend on k.

Step 3. We prove (2.75).
Assume (2.75) fails, that is there exists a sequence v; € V such that
H’UjHHkJrl =1 and LUj — 0 in Hk

Applying the parametrix S we obtain that v; + Rv; — 0in H**!. Since R is compact, v, has a
subsequence, which converges to some v in H*!. Then we must have

o]l gres =1, Lo =0, and v € (KerL)™*.
This contradiction finishes the proof. 0

Corollary 2.76 (Elliptic estimate). Let M be a compact manifold and L € Diff; (E; F') be an
elliptic operator. Then for any k > 0 there exists a constant C}, > 0 such that the estimate

[ullgrree < Cr (| Ll s + lull22)
holds for any v € H*.

Proof. Since H; C H** for any u € HF* we can write u = v 4+ w, where v € H;
and (v,w);. = 0. Notice that since v is smooth, w = u — v € HF'' that is we have the
decomposition

Hk—i—l — HL D HJL-LZ a Hk—H.

Since #, is finite dimensional, the restriction of || - || zx+: to #, is equivalent to the restriction
of || - || r2- Combining this with (2.75) we obtain

lull i < Nvll e + [lwll e < Cyllollze + Cgll Lw| g
= Cillvllze + Cell Lull e < Cr (| Lullgx + [Jullz2) -

This finishes the proof. [
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Theorem 2.77. Let M be a compact manifold and L € Diff; (E; F') be an elliptic operator.
Then for any k € R the operator L: H*' (E) — H" (F) is Fredholm, i.e.,

1. dimKer L < oo;
2. The image of L is a closed subspace of H* (F);
3. The cokernel Coker L .= H* (F) /Im L is finite dimensional.

Proof. We shall give the proof only in the case k£ > 0.
We know already from Proposition 2.74, (i) that Ker L is finite dimensional. The rest of the
proof consists of the following steps.

Step 1. Im L is closed.

Clearly Im L = L (V), where V = Hi N H*™ (E). Assume w lies in the closure of L (V),
that is there exist a sequence v; € V such that Lv; — w. Then by (2.75) we have

||Ui — Uj||Hk+l S CHLUZ - LUj”H’“ S C (HLUz - U)HHk + ||LUj - ’UJ“Hk) .
This yields that (v;) is a Cauchy sequence, hence converges to some v € V. Then we must have

Lv = lim Lv; = w.
J—00

Step 2. Let L* be the formal adjoint of L. Then w € Im (L)"%> N H* (F) if and only if
w € Ker L*.

If w € Im (L)"2* N H* (F), then for any u € H*' (E) we have
0= (Lu,w);» = (u,L*'w),, = L'w=0.

Conversely, if L*w = 0, then (Lu, w),,» = 0 for any u € H*' (E).
Step 3. We prove this theorem.

It only remains to show that dim Coker L < oo. To see this, identify Coker L with (Im L)"**N
H* (F) which equals Ker L* by the preceding step. It remains to notice that L* is elliptic too,
so that dim Ker L* < oo by Proposition 2.74, (i). 0

The proof of the above theorem actually implies the following.

Corollary 2.78. Let M be a compact manifold and L € Dift; (E; F) be an elliptic operator.
Given w € H* (F) the equation
Lu=w (2.79)

has a solution v € H*'' (E) if and only ifw 1 Ker L*. Moreover, ifw € C™ (M; F), then any
solution u of (2.79) is smooth.

Proof. We only need to show that w € C* = u € C'*°. However, this follows immediately
from N H* (E) = C> (E). O

Corollary 2.80 (Fredholm’s alternative). Let M be a compact manifold and L € Diff; (E; F)
an elliptic operator. Then one and only one of the following statements holds:

(a) The inhomogeneous equation Lu = w has a solution for any w € T (F).

(b) The homogeneous equation L*v = 0 has a non-trivial solution. [

Draft 41 March 29, 2024



Global analysis

Corollary 2.78 implies in particular Theorem 1.38. To see this, it just suffices to recall that
the Laplacian is formally self-adjoint, that is A* = A, which is the content of Proposition 1.36.

In the case of the Laplacian, it is also possible to give a more detailed version of Corollary 2.78
as follows.

Theorem 2.81 (Hodge). Let M be a closed oriented Riemannian manifold. Denote H* =
Ker (A: QF (M) — QF (M)). We have the following decomposition

QF (M) = HF @ Imd © Im d*,
where all three spaces are orthogonal with respect to the L?-scalar product.

Proof. First we show that H* is orthogonal to Im d in the L?-sense. Indeed, if w € H* and
n € Q1 (M), then
<w7 dn>L2 = <d*w77]>L2 =0,

since d*w = 0 by Proposition 1.29.

The claims that %#* | Im d* and Im d | Im d* can be obtained by using similar arguments.

Furthermore, to prove the rest of the claim it suffices to show that Im A = Im (d) & Im d*.
Clearly, we have Im A C Im d & Im d* by the definition of A. The converse inclusion follows
from Corollary 2.78 and the self-adjointness of A. U

2.5 Elliptic complexes

The de Rham complex can be generalized as follows. Let Fy, E1, ..., E/x be Hermitian vector
bundles over a smooth manifold M. Assume we have the sequence

T (Ey) 2% T (B) 25 T (B) — ... 25 T (By), (2.82)

where each L; € Diff; (E;; E;;+1) and [ does not depend on j. Assume also that (2.82) is a
complex, i.e., L0 L; =0.

Definition 2.83. (2.82) is said to be an elliptic complex, if the associated sequence of symbols

o1(Lo)

0— 7T*E0 —_— 7T*E1 —>Ul(Ll) . —>UZ(LN71)

7T*EN — 0
is exact away from the zero section of 7™M .

Just like in the case of the de Rham complex, we can define the corresponding cohomology
groups by

1 (F) Ker (Lj: I'(E;) — I' (Ej+1)) |
Im (Lj_y: I'(Ej-1) — ' (E;))
where H? (E) = Ker Ly and HY (E) = T'(Ey) / Im Lx_;.
Example 2.84. Any elliptic operator L: I' (E) — I" (F') is a (very short) elliptic complex.
Example 2.85. The de Rham complex of any smooth manifold.

New examples of elliptic complexes will be given below.
Associated to (2.82), is the (generalized) Laplacian

Aj = L;L] + Lj—lL;_l: r (Ej) — I (Ej) ,

which is clearly self-adjoint.
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Exercise 2.86. Show that A; is an elliptic operator provided (2.82) is an elliptic complex.
Any element of the space
H(E;) =KerA; CT'(E))
is called harmonic.

Theorem 2.87. If M is closed connected oriented Riemannian manifold, then the following
holds:

(i) s€e H(E;) <= Ljs=0 and Lj ,;s=0.
(ii) There is an orthogonal decomposition

(iii) dim H (E;) < oo and there is a canonical isomorphism

H(Ej)—>Hj(E), s+—>[s].

The proof of this theorem can be obtained by a straightforward modification of the proofs
of the corressponding statements for the de Rham complex. I leave the details to the reader.

2.5.1 The Dolbeault complex

In this section M denotes a complex manifold of complex dimension n. This means that M is
a real manifold (of dimension 2n), each point admits a chart of the form ¢): U — C" and each
change-of-coordinates map ) o ¢~ ': C"* — C™ is holomorphic.

Just like in the case of Riemann surfaces, writing ) = (21, . .., z,) we obtain real coordinates
(1,91, -, Tn, Yn), Where

zr; = Rez; and y; = Im z;.

Then we can define the complex structure [ : 7'M — T'M by
0 0 0 0

== d I—=—-—".
c%j 8yj an 8yj (‘99@-

Using the fact that the change-of-coordinates maps are holomorphic, it can be shown that [ is
well-defined. Since I? = —id by the very definition, we obtain that each tangent space T}, M is
equipped with the structure of a complex vector space via

(a+bi)-v=av+blv, veT,M.
Then the complexification of the cotangent space splits:
oM ®C = (T;,M)" & (T;,M)™,
(T M) = {¢: T,,M — C | ¢ (Iv) = itp (v)},
(T M) = {¢: T,M — C | ¢ (Iv) = —ig) (v)}.

0

In other words, (77 M)"? consists of C-linear functionals, whereas (77 M)"" consists of C-

antilinear ones.
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Since (77 M) and (T M)*" are isomorphic via 1 — 1, we obtain

1
dime (T M) = dime (T M) = 5 dime (T3, M @ C) =n.

If (21, ..., 2,) are local holomorphic coordinates in a neighbourhood of m, denote

dzj = dxj + idy; € (T5M)"° and  dz; = dx; —idy; € (T5M)™,
where j = 1,...,n. Itis easy to see that dz := (dz1, ...dz,) consists of linearly independent
1-forms. Hence, dz is a basis of (77X M)"" at each point m where the coordinates (2, . .., z,)

are defined. Likely, dZ = (dZy, ..., dZ,) is a basis of (77 M)"".
Furthermore, using the isomorphism

AU V)= @ AURAV
p+Hq=k
p,q20

we obtain the decomposition

A (T*M®C)= @ A (T*M)"" @A (T*M)" = @ AP

p+q=k ptq=Fk
Denote
QP (M) =T (AP).

Thus, w € QP9 (M) if and only if w is a smooth complex-valued differential form of degree
p + ¢q and locally w can be written in the following form

W = Z wilmip;jlqu dZil VAN dZZ'p VAN del VAN deq.

11<...<ip
J1<...<Jq

For any w € Q%% (M) = C*°(M; C) we have dw = dw + dw, where

n 8&} _ " 6&) _
aw _ Z 8—2‘7612] c QI,O (M) and 8W = Z a_Zde] S 9071 (M) .

j=1 j=1

More generally, if w € QP9 (M), then we still have dw = dw + dw, where

Oow = Z awil.,ip;jl_“]’q A dz'h VAN dZip A dfjl VAR dijq,

11<...<ip
J1<...<Jg

&u = Z 6&01‘1.,.%;]’1”.]’(1 A d'zh VANPIRAN dZip A dijl VAR dijq.

11<...<ip
J1<...<Jg

In particular, 0: QP9 — Qp“"l_and 0: OPd —y Qpatl
Notice that since d = 9 + 0, we have

=0 =0, 0?=0, 90=-090.
Therefore, for any fixed p such that 0 < p < n we obtain the following complex
0 — QrO (M) 25 et (M) -2 2 (M) 2 2 e (M) — 0,
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which is called the Dolbeault complex. The corresponding cohomology groups

Ker (9: Qrt — Qratt)
HPY (M) = =
Im (3: Qpa—1 — vaq)
are called the Dolbeault cohomolgy groups of M. Notice, however, that unlike the de Rham

cohomology groups, the Dolbeault cohomology groups depend on the complex structure of M.
In particular, they are not topological invariants of M.

Proposition 2.88. For any complex manifold M the Dolbeault complex is elliptic.

Proof. Just like in Example 2.42, for the symbol of the -operator we have
o (0) (w=1"" Aw,

where 01 = £ (€ + i€ (1)) is the (0, 1)-part of £ and w € AP4. We have to show the following

1
2

M Aw=0 — w=£E"An
for some € AP471, where £ # 0 < £ £ 0.

Assume ¢ is based at a point m. Since €01 =£ 0, we can find a complex basis (¢1, ..., ;)
of (T M)"° such that 1); = 0. Then w € A7 can be uniquely written in the form

w= Z Wiy <. <ipi1<..<jq Vir N oo e Ny, A iy A A J’jq-

11<...<ip
J1<...<Jq

Then "' Aw =0 < Yy Aw = 0yields w;,, 4 .j,,.j, = 0 provided j; # 1. Hence,

W = Z wil.,,ip;ljgqu ¢i1 AN wip A &1 A &jz VANRRAAN (l;jq

11 <...<ip
J1=1<g2<...<Jq

= (_1);; 751 A Z Wiy ..ip31 jo...jq Vi, N oo A wip A sz2 AN @jq

i1<...<ip
72<...<Jq
=& A,
This finishes the proof of this proposition. 0
Corollary 2.89. If M is a compact complex manifold, then h*? (M) := dim¢c H?? (M) < oc.

OJ
The integers k7 (M) are called the Hodge numbers of M.
Let 0* be the formal adjoint of 9. The Laplacian corresponding to the Dolbeault complex is
then o o
0 := 00" + 0%0,
which is called the Hodge-Laplacian. By Theorem 2.87 we have an isomorphism
HP (M) = Ker (O: QP (M) — QP9 (M)).

Definition 2.90. Let g be a Riemannian metric on a complex manifold M such that g (v, w) =
g (v, w) for all v, w (such metrics always exist). Define a 2-form w on M by

w(v,w) = g (Iv,w).

Then g is said to be Kihler, if w is closed.
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Kéhler metrics should be understood as those metrics, which fit with the complex structure
particularly well (this may not be obvious from the definition and I shall not try to justify this
claim here).

One can show that the induced metric on an embedded complex submanifold of a Kéhler
manifold is itself Kéhler. Furthermore, the induced metric on CP" = S?"*1/U(1) is Kéahler
(this is known as the Fubini—Study metric). This yields plenty of examples of Kihler manifolds.
Albeit these facts are rather elementary, I shall omit the proofs here.

Theorem 2.91. If g is Kiihler, then A maps QP9 (M) into QP71 (M) and A = 2.
In particular, if M is compact and Kdhler, for any k > 0 we have

HE(M)= © HPY(M)  and  HP'(M) = H® (M) (2.92)
p+q=k

for all p and q. 0
Corollary 2.93. If M is a compact Kdhler manifold, then all odd Betti numbers of M are even.
Proof. By (2.92) we have

b2k+1 (M) — h0,2k’+1 4 hl,2k 4+ h2k,1 + h2k+1’0
=2 (ROZFHL 4 pb2h [ R

where the last equality follows from h?? (M) = h%? (M). O

Corollary 2.94. There exist compact complex manifolds, which can not be embedded into any
complex projective manifold.

Sketch of the proof. Consider the following action of Z on C* \ {0} :
a-(21,22) = (e %21, "22) . (2.95)
Think of C?\ {0} as R x S? via the diffeomorphism
R x $* — C*\ {0}, (t,o)—e' 0o

Then the above action becomes a - (¢,0) = (t — a, o) . Hence, the quotient M = C*\ {0}/Z is
diffeomorphic to S* x S, In particular, M is compact and by (M) = b; (S* x S3) = 1.
Furthermore, notice that M is a complex manifold, since action (2.92) preserves the standard
complex structure of C? \ {0}. However, M cannot be embedded as a complex submanifold
into CP", since otherwise M would be Kihler, which would contradict Corollary 2.93. O

Remark 2.96. It should be noticed, that any holomorphic function on a compact complex
manifold is constant. This fact follows easily from the maximum modulus principle. Hence, a
compact complex manifold can never be embedded (as a complex submanifold) into C. Thus,
CPY can be seen as the "best" replacement for CV for complex manifolds. Then Corollary 2.94
claims essentially that the Whitney embedding theorem is false in the context of complex
manifolds.

Also, Corollary 2.94 should be contrasted with the fact that any compact Riemann surface
can be embedded into some complex projective space.
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2.6 The elliptic calculus

In this section I describe the main ideas discussed in this chapter from a more abstract point of
view. This section is not essential for understanding the subsequent material; it is meant more
to demonstrate logical connections between various notions that have appeared in this chapter.
The reader may safely skip this section by the first reading and only return once the material
preceding this section is well digested.

If M is a closed oriented Riemannian manifold and £ — M is a vector bundle, we have
seen that Sobolev spaces form a sequence

H°(E)=L*(E) D> H(E) D> H*(E) D ...

In fact, H*(E) is well-defined for all k € Z (or even k € R, however, this will be of minor
importance below). These have the following properties:

(1) (H*(E),| - |lx) is a Banach (Hilbert) space for each k € Z;

(2) For each k > [ we have an inclusion H*(E) C H'(E), which is a bounded map, i.e.,
u € H” — u € H! and Hqu < C’kJHqu
Moreover, if k > [, then the inclusion H*(E) < H'(E) is compact.

(3) N H*(E) = C*(F) is dense in each H*(FE).

kEZ

One says that (H*(E), || - ||x) is a scale of Banach spaces (or a Banach scale).

Leaving Banach scales aside for a moment, recall that Smb;(E; F') denotes the space of
symbols of degree [, where F’ is a vector bundle over M, see (2.39). To simplify the exposition
somewhat, it will be convenient to assume that F' = [/, albeit this is certainly non-essential as
the reader will be able to see on his own. Thus,

Smb = Smb(E) := () Smby(E)
1eNg

is a graded algebra with respect to the obvious multiplication.
Likewise, we have the filtered algebra of differential operators

Diff = Diff(E) := | J Diffy(E).
1eNg

The qualifier ‘filtered’ means that we have an increasing sequence Diff, = C’OO(End(E)) C
Dift; C Dift; C ... and if L; € Diff;, and L, € Diff;,, then L, o L, € Diff;, ;,. These come
equipped with “the principal symbol” homomorphism

o: Diff — Smb such that O'(Diffl) C Smby,

for all [ € Ny. In other words, ¢ has degree zero as a homomorphism of filtered algebras.

Moreover, the sequence
0 — Diff,_; — Diff, —>— Smb, (2.97)

is exact for any [ € Ny and each L € Diff; yields a bounded map L: H* — H*! ie., L has
degree —! viewed as a map of the Banach scale.
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With this understood, the main objective of this chapter is a construction of enhancements
of algebras Diff and Smb. In the case of Smb, there are a few possibilities to proceed, which
correspond to the choices of various classes of functions such as S, Stor Si. Ignoring non-
essential details, the outcome is a filtered algebra

S:USZ, where ...CSZ,1C81C81+1C...
leZ

Denoting Sy := S /Si—1, we have the natural projection 7m;: S; — Syj- Also, one can construct
a filtered algebra
v=Jw

with the following properties:
(a) Diff; C ¥, provided [ > 0;

(b) There is a degree zero homomorphism o;: ¥; — Sp. Moreover, for [ > 0 we have
Smb; C Sp) and the restriction of o; to Diff; yields the principal symbol of a differential
operator;

(¢c) Forany k € Z there is a homomorphism ¥, — B(H*; H*™'), where B denotes the space
of linear bounded maps. Moreover, this extends the natural homomorphism Diff; —
B (H ke H "“_l) and yields a homomorphism of filtered algebras: ¥ — B(H);

(d) The sequence
0=V — ¥ —"—S;—0 (2.98)

is exact for each [ € Z (cf. (2.97)).

Notice that at this point I deviate slightly from the exposition of Section 2.4, namely the
kernel of o in that setting is K;_; rather than W, ;. This is a minor point which allows one to
prove the main result omitting certain technical details. By choosing an appropriate class of
symbols, one can construct an algebra of pseudo-differential operators W so that (2.98) holds.

Below I show that the main results about elliptic operators (elliptic estimates and Fredholm-
ness) are formal consequences of Properties (a)—(d). We begin with the following simple
observation.

Proposition 2.99. Any R € V_, viewed as a map H* — H**' — H* is compact.

The proof of this proposition follows immediately from the observation that the composition
of a bounded and compact operators is a compact operator. Thus, the above proposition is a
simple observation indeed; I stated it formally for convenience only.

Definition 2.100. An operator L € W, is said to be elliptic, if its principal symbol is invertible
in S.

Clearly, if 0(L) € S; and o(L) ™! exists, then it must be of degree —[, because 1 = o(id) =
o(Lo L™y =0(L)o(L) " and 1 € S,.

Proposition 2.101. Any elliptic operator L admits a parametrix, i.e., there exists an operator
P € VU such that
LoeP=1id+ R and PolL =id+ R,,

where R, Ry € U_;.
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Proof. Since L is elliptic, there exists o(L) ™' and o(L)~! € S_;. By the exactness of (2.98), we
can find some P € ¥_; with o(P) = o(L)"'. Hence, o(PL — id) = o(P)o(L) — o(id) = 0.
Using the exactness of (2.98) again, we conclude that Ry := PL — id belongs to U_;. The
proof that Ry := LP — id € ¥_; requires cosmetic changes only. U

The following statements follow rather easily from the existence of a parametrix. Notice,
that I do not try to prove the most general statements here, rather just to illustrate the ideas.

Corollary 2.102 (Elliptic estimate). Let L € U; be elliptic. There exists a positive constant C'
such that for any v € H* we have

ulle < C(|Lulli-t + l|ullr-1)- (2.103)
Proof. Indeed, since u = PLu — Ryu, using (c) we immediately obtain (2.103). O

Corollary 2.104 (Fredholmness). Any elliptic operator L € V; viewed as a map H* — H*!
is Fredholm. Moreover, if u € Ker L and v € H*, then u € C™.

Proof. Pick k € 7 an assume that u, is any sequence in Ker (L: H* — H"*™') such that
|un|lx = 1. If P is a parametrix, we have u,, = — Rou, for all n. Using the compactness of
R», we obtain that there is a subsequence u,,;, which converges in H *_In other words, the unit
sphere in the space Ker (L: H* — H""') equipped with the norm || - || is compact. Thus,
by a well-known result from functional analysis, dim Ker (L: H* — H*™!) < co. Moreover,
utilizing the equality v = — Rsu, we obtain

we H* — weH""' — yeH'"?. .. — ueC™

In particular, Ker L does not depend on the choice of k.
It remains to prove that Im L is closed and dim Coker L < oo. To this end, we have the
following.

Exercise 2.105. If H is a Hilbert space and R: H — H is any compact operator, then id + R
is Fredholm. In particular, the image of id + R is closed.

With this at hand, observe that
Im (id + Ry) = Im (LP: H*' — H"') cIm (L: H* — H*").

Let V be a complement of Im (z’d + Rl) in H*~!. Thus, dim V' < oo and there exists a subspace
Vi C V such that Im (L: HF — Hk_l) =Im (z’d + Rl) @ Vj. In particular, Im L is closed and

dim Coker L < dim Coker(id + R;) < o0. O
It is worthwhile to note that Corollary 2.104 is a very satisfactory statement about the
solvability of the equation Lu = v. Indeed, choosing a basis f,..., fx of the cokernel of
L, Corollary 2.104 simply says that Lu = v is solvable, if and only if
fl(l)) == 0, e fN(U) =0.

For example, in the case of the Laplacian (acting on functions), we have N = 1 and f(v) =
| v and Im A is necessarily contained in Ker f so that the above corollary is clearly optimal.
In general, checking a finite number of linear conditions on v is typically not too hard.

The power of Corollary 2.104 is perhaps best seen by contrasting with the case where the
base manifold may be non-closed. In this case, the image of an elliptic operator may well fail
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to be closed and even if one obtains a finite number of linear necessary conditions, there is still
no guarantee that the equation Lu = v is solvable. Even if it is solvable for some v, this may
fail to be the case for some v arbitrarily close to vy . ..

Let me just note in passing that for certain classes of non-closed manifolds, for example for
compact manifolds with boundaries, there are well-developed methods to deal with such sort of
problems, however this goes beyond the goals of these notes.

Draft 50 March 29, 2024



Chapter 3

The Atiyah—Singer index theorem

3.1 Fredholm maps and their indices

Let H, and H, be separable Hilbert spaces. Recall that a linear bounded map 7": H; — Hs is
said to be Fredholm, if dim Ker 7" < oo, ImT" C H, is a closed subspace, and dim Coker T’ =
dim Hy/Im T < oo. Denote by F (H;; H») the set of all Fredholm maps. Also, let B (H; H»)
denote the space of all linear bounded maps H; — H- equipped with the operator norm

Thl| g
7= sup 17l
nem\(oy |1l

Theorem 3.1. F (Hy; Hy) is an open subset of B (Hy; Hy). The map

ind : F (Hy; Hy) — Z, T — ind T := dim Ker " — dim Coker T’
is constant on each connected component of F (Hy; Hy).
Proof. The proof consists of the following steps.

Step 1. F (Hy; Hy) is open in B (Hy; Hy).

Pick Ty € F (Hy; Hy) and denote V' := (Ker TO)L C Hiand W = (ImTO)L =~ Coker Tp.
For any T' € B (Hy; H,) consider the map

T:Va&W — H, T (v,w) = Tv + w.

Since Ty is an isomorphism, T is also an isomorphism provided 7' lies in a sufficiently small
neighbourhood U C B (H;y, Hs) of Ty. In particular, for ' € U we have

(KerT) NV = {0} = dimKer T < oo.

Moreover, T (V) = T (V) C H, is a closed subspace of finite codimension. Hence, Im 7T is
also closed and of finite codimension. Thus, 7' is Fredholm.

Step 2. ind is constant on U, where U is as in the preceding step.

Keeping the notations of the preceding step, we have the (non-orthogonal) decomposition

H =KerT®ZaV,
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where Z .= (Ker T@® V). ThenT: Z@®V — T(Z) @ T (V) = ImT is an isomorphism.
Moreover,

KerTy =2 H )V =ZKerT & Z and CokerTy =2 Hy/Im Ty = Hy /Ty (V). (3.2)

Furthermore, since for any 7' € U the homomorphism T is in fact an isomorphism and 7' (V) =
T (V'), we obtain . )
Hy/T(V) = Hy/T(V) =T(W)=W.

The left hand side can be interpreted as a complement of 7'(V') in Hs. This equals the complement
of T'(V') in Im T plus the complement of Im 7" in H,. Hence,

CokerTy =W = Hy/T(V) =T(Z) & Coker T' = Z & Coker T
Combining this with (3.2), we obtain ind 7" = ind 7§, O

Remark 3.3. One can show that ind 7 equals ind 75 if and only if 7} and 75 lie in the same
connected component of F (Hy; Ho).

Proposition 3.4. If T' is Fredholm and K is compact, then T' + K is also Fredholm and
ind (T'+ K) = ind (7).

Proof. The proof consists of the following steps.

Step 1. A bounded map T': Hy — Hs is Fredholm if and only if there exist bounded maps
S1,Sy: Hy — Hy such that

SpeoT =idy, + Ry and T oSy =idy, + Ra,
where both R, and Ry are compact.
The proof of this step is left as an exercise (see, however, the proof of Theorem 2.77).
Step 2. We prove the statement of this proposition.
Let T' be a Fredholm map. Keeping the notations of the preceding step, we have
S1(TH+K)=5T+ 5K =id+ (R, + $1K),

where R; + S;K is compact. Also, a similar argument yields that (7' + K) Sy — id is also
compact. Hence, T + K is Fredholm. Moreover, for each A € [0, 1] the map T + AK is
also Fredholm and therefore ind (T"+ AK) is a locally constant function of A. Hence, in fact
ind (T + AK) is constant in A so that ind (7' + K) = ind T'. O

Corollary 3.5. Let L € Diff; (E; F') be an elliptic differential operator. If M is closed, then
ind (L: WH? (E) — WH? (F))
depends only on the principal symbol of L.

Proof. If o, (L) is the principal symbol of L, pick any Ly € Diff; (E; F') such that o, (Lg) =
o, (L). Then K = L — Ly is of order at most [ — 1. Hence, its closure (still denoted by the
same letter)

K: W2 (E) — W2 (F)

is compact as a composition of a bounded map W**2 (E) — W*"12 (F) and a compact one
WHhHL2 (F) — W2 (F). Hence,

ind L = ind (Lo + K) = ind Ly.
UJ
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Exercise 3.6. Find a mistake in the following "proof™ of the claim that any two elliptic operators
of the same order have equal indices. Thus, if Lq and L, are two such operators, then ind ((1 — ¢) Lo + tL;)
does not depend on ¢ implying that ind Ly = ind L;.

Exercise 3.7. Show that the index of a formally self-adjoint differential operator vanishes.

The above corollary raises naturally the question how can one actually compute the index
of a differential operator just in terms of its principal symbol. This task has been accomplished
by Atiyah and Singer in 1960s. However, even to formulate the answer we shall need a detour.

3.2 Characteristic Classes

3.2.1 The curvature of a connection
Recall that given a vector bundle £ — M equipped with a connection V we have the sequence

0 (B) & 0" (B) L5 02 () 2% .. L5 0n (B) — 0,

see (2.25) for details. As it was already pointed out above, this sequence is not a complex in
general, that is d = dy o dy does not necessarily vanish. Nevertheless, d2 has the following
interesting property.

Proposition 3.8. d%: Q% (F) — Q2 (E) is C> (M)-linear.
Proof. Pick any s € I'(E) and f € C™ (M). We have
dydy (f s) = dv (V(fs)) = dv (df ® s+ fVs)

=d(df)®s—df NVs+df NVs+ fdy (Vs)
= fdv (Vs).

This proves this proposition for & = (0. The rest of the proof is left as an exercise to the
reader. U

Remark 3.9. In our setting it is convenient to work over the field of complex numbers, although
we could have considered R as a basic field equally well. Hence, we assume that V is compatible
with the complex structure of F, that is V (is) = iVs. In particular, in the above proposition
C> (M) means C* (M;C). I shall not always be very picky concerning such details below.

Lemma 3.10. Let A: T (E) — QF (M; F) be a C-linear map, which is also C*° (M; C)-linear,
that is
A(f-s)=f-A(s) Ve C®(M;C)ands el (F).

Then there exists a € Q* (Hom (E; F)) such that A (s) = a - s.
The proof of this proposition is also left as an exercise.

Corollary 3.11. For any connection V there exists a 2-form Fy € Q* (End (E)) such that for
any w € QF (E) we have dy (dyw) = Fy A w. O

Definition 3.12. The 2-form F¥y as in the above corollary is called the curvature form of V.

Draft 53 March 29, 2024



Global analysis

To establish a geometric meaning of the curvature form, pick local coordinates (z1, . .. z,)
on M. We could call

Vis=10 (Vs)

a
Ozj

the j*" partial covariant derivative of s € I' (E). In particular, Vs = 7| dz; ® V;s. Hence,

v (dys) = Z dz; NV (V Z dx; A (Z dr; ® V; (Vjs)>
i=1
= Z dr; Ndz; (V; (V;s) — Vj (Vis)).
1<J

In other words, by writing 'y, = ) . _ ;i Fijdz; A dxj where F; € End (E), we have Fj;s =
Vi(Vjs) — V,;(V;s). Thus, the Curvature measures the extend to which partial covariant
derivatives fail to commute.

3.2.2 Local representation of the curvature form

Recall that locally a connection can be identified with a 1-form. This means the following:
Given an open subset U such that £ admits a trivialization 1) over U, any section s over U can
be identified with a map o: U — C°, where a = rk E. Then

V=d+ A — Vs =do + Ao,
where A € Q! (U; M, (C)). Hence,

dy (Vs)=d(do+A-0)+ AN (do+ A-0)
=04+dA-c —ANdo+ANdo+ANA -0
=(dA+ANA) -0

Hence, locally Fy can be identified with the 2-form dA + A A A, which takes values in M, (C).
Somewhat informally, one simply writes

Fo=dA+ANA (3.13)

keeping in mind that the right hand side depends on the trivialization chosen.

Exercise 3.14. For any A € Q' (M; M, (C)) = M, (Q' (M)) define [A, A] € Q* (M; M, (C))
by
[A, Al (v,w) = A(v) A(w) — A(w) A(v) € M, (C).

Show that A A A = 1[A, A], where the factor § stems from the following definition of the
wedge-product for 1-forms:

WA= F@er-nEY) = wAnwe) =5 @E)E) - @),

In particular,
Fg=dA+ - [A Al.

Warning: Sometimes the wedge-product is defined without the factor % in the literature. This
may lead to confusions.
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Exercise 3.15. Show that for anny A, B € Q' (M; M, (C)) we have
[A,B] = +[B, Al. (3.16)

Exercise 3.17. If ¢’ is another trivialization of F such that e = ¢’ - g just like in Section 2.1,
then
Fy =g ' Fyy, (3.18)

where F{ denotes the local representation of the curvature of V with respect to e’

Proposition 3.19 (Bianchi identity). If A € Q' (U; M, (C)) is a local representation of V as
above, then dFg + [A, Fy] = 0.

Sketch of proof. We have

J (dA 34 A]) + {A, aA+ 34, A]] = 2 (44 A] — S [A4,dA] + [A,dA] + 5 [4,[4, 4]

_ _% (A dA] — 2 [4,dA] + [A,dA] + % A, [A, A)]

2
1
= 5 [A7 [A7 AH )
where the second equality follows from [A, B] = —[B, A] if A € Q' (U; M, (C)) and B €

0?2 (U; M, (C)), cf. (3.16). The proof is finished by the following observation, whose proof is
left to the reader: The Jacobi identity

(XY Z][+ Y, [2, X]| + 2, [X, Y]] = 0,
which is valid for any X, Y, Z € M, (C), implies that [A, [A, A]] = 0. O

Remark 3.20. More invariant interpretation of the Bianchi identity is as follows. By Lemma 2.28,
V induces a connection on £*. Hence, using Lemma 2.28 again we obtain a connection, which
is still denoted by the same letter, on £*® F = End (E). Then we also obtain the corresponding
map dv: QF (M;End (E)) — Q¥ (M;End (E)) and the above proposition may be restated
simply as dy Fy = 0.

Proposition 3.21. If V is Hermitian, then Fy takes values in skew-Hermitian endomorphisms.
In other words, for any v,w € T'M we have

Fy (v,w)" = —Fy (v,w).

Proof. Lete = (eq,...,e,) be alocal trivialization of E such that e is a pointwise orthonormal
basis of the corresponding fiber. If A is the local representation of a Hermitian connection V
with respect to such a trivialization, then for any oy, 09: U — C* we have

d{oy,09) = ((d+ A) o1, 09) + (01, (d + A) 03),

since V is Hermitian. Here (-, -) denotes the standard Hermitian scalar product on C*. The right
hand side of the above equality equals

d{oy,09) + (Acy, 09) + (01, Aos),

so that we must have (Acy, 09) = —(0y, Aos). Hence, A € Q' (U;u (a)) and therefore Fy =
dA+1[A,A] € Q*(U;u(a)), since the commutator of any pair of matrices from u (a) belongs
to u(a). O
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3.2.3 Chern classes

Let p: u(a) — C be a homogeneous polynomial of degree d. This means the following:

Assume &1, ...,&, is a basis of u(a) (in particular, n = @) If & = >0 x;§;, then

p) =p <Z?:1 a:jfj> is a polynomial of degree d in (z1,...,z,). Assume also that p is
invariant, that is

p(UEUY) =p (&) forall ¢ € u(a) and U € U (a).
Example 3.22.

1) pg(€) = itr&?is an invariant homogeneous polynomial of degree d.
2) p (&) := det{ is an invariant homogeneous polynomial of degree a.

3) More generally, define polynomials ¢y, . .., ¢, on u (a) by the equality
1
det (A-Hgg) N e (N et e () A+ a (6),

where A € C is a parameter and 1 is the identity matrix. For example, ¢; (§) = 5= tr¢

and ¢, (§) = (;T)a det §. The reader should check that ¢; is an invariant homogeneous

polynomial of degree j.

Moreover, notice that the equality

det (A-T+ —¢) =det (A-1+ —¢
2w 2w

implies that ¢; () = ¢; (§), that is each ¢; takes values in R rather than C.

Definition 3.23. Let £ be a Hermitian vector bundle of rank a. Pick an invariant homogeneous
polynomial p as above and a Hermitian connection V. In a local trivialization e = (ey, ..., €,)
such that e is pointwise an orthonormal basis, think of Fy as a 2-form F¢° = dA + 1 [A, A]
with values in u (a). Finally, set p (Fy) = p (F&°) € Q*! (M;C).

Lemma 3.24. The following holds:

(i) p(Fy) is well-defined.
(ii) p(Fy) is closed.
(iii) The de Rham cohomology class of p (Fy) depends neither on the choice of ¥V nor on the
Hermitian scalar product on E.

Proof. Claim (i) follows easily from (3.18) and the invariance of p. The rest of the proof consists
of the following steps.

Step 1. We prove (ii).

Let&, &, ..., &, bearbitrary elements of u (a). Slightly abusing notations, denote by p: u (a)x
... xu(a) — C the symmetrization of p, that is a multilinear symmetric map, whose restriction
to the diagonal {(¢, ..., )} yields the original polynomial p.

Differentiating the equality

pe&e ™, e ™) =p(&, ..., &)
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with respect to ¢ and setting ¢ = 0, we obtain that the equality

p([€7£1]7§27'-'7£d)+p(€17[§7€2]7"-7€d)+"'+p(’£17£27"'7[§7€d]) =0 (325)

holds for any &, &y, ... &, € u(a). This implies the following identity
p([Fe Al A, A) + ... +p(A A, ..., [Fe A]) = 0.
Hence,

dp (FE°) =p (dFS°, F°, ..., Fo) 4+ p (Fe, dFES, ... F) + ...+ p (FE°, ... dFYF)
=p([Fy Al Fo,....Fo) +p (FS [Fe9A] . FE) +...
+p (FYS RS, [FY°, A)
= 07

where the first equality follows from the Bianchi identity and the second one from (3.25).

Step 2. Let I = [0, 1] be the interval and vy, 1, : M — I be the natural inclusions corresponding
to the endpoints of the interval. There exists a linear map Q: QF (M x I) — QF~1 (M) such
that for any w € QF (M x I) we have vjw — 1w = dQw — Qdw. ref

Step 3. The cohomology class of p (Fy) does not depend on the choice of V.
Pick any two Hermitian connections V and V; and think of V; := (1 —¢)V +tV; as a

connection on pryE — M x I, where pry: M x I — M is the natural projection. Then we

have
p(Fv,) —p(Fv,) = up (Fv,) —p (Fv,)

= dQp (Fv,) — Qdp (Fv,)
=dQp(Fv,).
Here the second equality follows from Step 2 and the third one from Step 1.
Step 4. The cohomology class of p (Fy ) does not depend on the Hermitian scalar product of E.

The proof of this step is similar to the proof of the preceding one and follows in essense
from the fact that the space of all Hermitian scalar products is convex. I leave the details to the
reader. 0J

Let ¢; be as in Example 3.22. Then by Lemma 3.24, ¢; (Fy) is a closed real-valued form
and the de Rham cohomology class of ¢; (Fy) depends on £ only.

Definition 3.26. The class ¢; (F) := [c; (Fy)] € Ho (M;R) is called the j** Chern class of E
and
c(E)y=1+c(E)+c(E)+...+c (F)e H (M;R)

is called the total Chern class of F.
Theorem 3.27. The Chern classes satisfy the following properties:

(i) co (E) = 1 for any complex vector bundle E;
(ii) The Chern classes depend on the isomorphism class of E only;
(iii) ¢; (f*E) = f*c; (E) for all complex vector bundles E — M and all (smooth) maps
f:N— M;
(iv) c(Ey & Ey) = c(Ey) Uc(Ey);
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(v) IfE 2 E; & C then ¢; (E) = 0 for j > tk E — b. In particular, if E is trivial, then
¢; (E)=0forall j > 0.

Proof. Property (i) is just the definition of ¢y. The rest of the proof consists of the following
steps.
Step 1. We prove (ii).

Suppose ¢: Ey — Ej is an isomorphism. Given a Hermitian scalar product (-, -); and a
Hermitian connection V; on F; we can define a Hermitian scalar product (-, -)o and a Hermitian
connection V on E as follows:

<t1,t2>0 = <77Z) t1, ¢t2>1, ti1,t9 € E().
V()S() = 1/}71 (Vl (1#50)) s Sg € r (Eo) .

If ! = (ef,...,el) is alocal trivialization of E) such that e! is pointwise orthonormal, then

e® = (¢Ytel,... 7 tel) is a local trivialization of E, with the same property. Hence, if

A € Q' (U;u(a)) is a local representation of V1, then the local representation of V, with
respect to ¢” is also A, since by (2.14) we have

Viel =el- A — Voe! = ¢! (Vlel) =t (e1 . A) =e’. A
This yields that the curvature forms of V and V; with respect to the above trivializations
coincide, so that we trivially have ¢ (Ey) = ¢ (E}).
Step 2. We prove (iii).

Given a Hermitian scalar product (-,-) on £ and a local trivialization e = (eq,...,¢e,) of
E over U such that e is pointwise an orthonormal basis, we can construct a Hermitian scalar
product and a local trivialization of f*E over f~! (U) by

<t17t2>n = <t17t2>f(n)7 t17t2 € ETMn S N

[e

Furthermore, if a Hermitian connection V on F is represented by some A € Q' (U;u (a)), then
we can define a new connection f*V on f*E by declaring

(F*V) (fre) = (fTe) - [7A,

that is f* A is a local representation of f*V with respect to f*e. Then

n = 6|f(n>'

1 1
Fo=d(F)+ 5 [FAf Al = 5 (44 5 14.4)) = e,
which implies (iii).
Step 3. We prove (iv).
Let V; be a connection on F;, j = 1, 2. Define a connection V on £} @ F, by
V (tl, tg) - (Vltl, Vgtz) .

If €7 is a local trivialization of E;, then e = (e', e?) is a local trivialization of E; @ Fs. With
respect to these trivializations we have

loc
FVl

loc __
Fv b
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where the right hand side is a block-matrix with non-trivial blocks in the upper left and lower
right corners only.
Since for any block-matrix we have

A0
det =det A -det B,
0|B

1+ 5-Fy, 0
0 ‘ 1+ - Fy,

we obtain

C(Fv):det :C(FVI)AC(FVQ)

This implies (iv).
Step 4. We prove (v).

If £ = C% then we can use the trivial connection V = d to deduce that ¢ (£) = 1. If
E = E; @ C°, by the preceding step we have

c(E)=c(E)Ul=c(E),

which yields (v). 0

3.2.4 Other characteristic classes

Assume F can be written as the Whitney sum of line bundles: &/ = L1 &...&® L,. Then for the
total Chern class of £/ we have

c(EY=c(ly) ...-c(Ly) =0+ (L) ..- 1+ (La)),

where - denotes the product in H* (M) i.e., the cup-product. Denoting x; = ¢; (L;), we obtain

a

c(B)=]]0+z)=1+01+02+... 40,

j=1
where o, = oy, (21,...,x,) is the kt" elementary symmetric function of 1, ..., x;. In other
words,

a1 (E)=o01(21,...,24) =21+ ... + X4,

e (E) =09 (x1,...,%,) = 2122 + 123 + . .. + Tq_1Z4,

o (B)=04(1,...,2Tq) = 1122 . .. T4

The following algebraic fact will be useful below.

Fact: For any symmetric polynomial p = p (1, ..., z,) there exists a unique polynomial ¢ in
a variables such that

p(x1,...,xq) =q (o1 (x),...,00(2)).

This fact implies the following: Given any symmetric polynomial p (z1,...,x,) we can
construct a characteristic class p (E) by setting

p(E) =q(ci,ca,...,¢,) € H* (M;R).
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For example, choose

a
ch(zy,...,2,) = Zewi
j=1

L, L,
= 1+x1+§x1—|—... +...+ 1—|—xa—|—§xa—|—...

1
:a+(zp1+...+xa)+§(:p§+...+x§)+...

:a+01+%(0%—202)+...

Notice that here and below, we think of z; as nilpotent elements of the ring H* (M;R) so that
all sums above are finite.
Thus we have

ch(E) = 1k E + o1 (E) +%(c§ (B) — 2, (B)) + ...

Remark 3.28. 1t is not true in general that any vector bundle can be written as the Whitney sum
of line bundles. Nevertheless, this is true in some sense, which I shall not try to describe here.
In particular, when manipulating with characteristic classes it is admissable to imagine that
bundles decompose as Whitney sums of line bundles. This is called "the splitting principle",
which is explained somewhat more concretely in the proof below.

Proposition 3.29. The Chern character satisfies the following:
(i) ch(E @ F) =ch(E)®ch(F);
(ii) ch(E® F) =ch(FE)-ch(F).
Proof. Assume that both £ and F’ split as Whitney sums of line bundles:
E=0L®...9L, and F=L,®...9L,.
Denote z; = ¢; (L;) and yj, = ¢; (Ly). The bundle £ & F' also splits as the Whitney sum of

line bundles so that we have

a b
ch(E@F)=> e+ % =ch(E)+ch(F)
j=1 k=1
for all bundles, which split as the sum of line bundles. This imples that we have the algebraic
identity
ch(zy,...Ta, Y1, ) =ch(z,...,24) +ch(yr, ..., ) (3.30)
where we think of ch simply as a polynomial in the corresponding number of variables. Notice
that (3.30) can be easily established purely algebraically without any reference to vector bundles.

Furthermore, if ¢, (01, . ..,041p) is the expression of ch (x1,...,2Z4;y1,...,ys) in terms
of elementary symmeric polynomials in a + b variables, then we must have

qa+b(01(xvy)v"'70a+b<x7y)) :qa(01<x>,--.,0a<$>>+Qb(0'1 (y)a"'aab(y))'

This implies that (i) holds not only for those vector bundles, which split, but rather for all
bundles.
The proof of (ii) goes along similar lines and the details are left to the reader. UJ
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Definition 3.31. The Todd class td (E) € H* (M;R) is the characteristic class corresponding
to the polynomial

T; 1 1
td(xlu--‘wra) ::Hl_—é_szl—f-éa'l—i—ﬁ(O'g—i-O'%)—i—...
j=1

3.3 A prototype of the index theorem
Denote

QV (M) =Q (M) (M) & ... and QUM =" (M) (M) ...
Exercise 3.32. Show that

D:=d+d: Q% (M) — Q9 (M) (3.33)

is elliptic.

If M is compact, which is assumed throughout in this section, by Proposition 1.29 we have

Ker D=H'(M)®H* (M) ...~ HY, (M).
Moreover, Theorem 2.81 implies
Coker D = H' (M) H* (M) @ ... = H3p (M).

Therefore, for the index of D we obtain

ind D = dim HS}, (M) — dim HS% (M)
=bo (M) +by (M) +...—by (M) —b3(M)— ...
:X(M)a

where x (M) is the Euler characteristic of /. Thus, we summarize.
Theorem 3.34. The index of (3.33) equals x (M). O

This is an interesting theorem, since this is an example of a relation between solutions of
PDEs and a purely topological quantity. For example, if x (M) > 0, we deduce that M must
support at least one non-trivial harmonic form. Of course, the reader surely can give a more
precise relation between topological invariants of M and the number of linearly independent
harmonic forms on M, however notice the following:

* The Euler number is easier to compute than the individual Betti numbers.

* In more general situations the index is relatively easily computable, whereas more detailed
information about solutions of PDEs is typically hard to obtain.
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3.4 On the de Rham cohomolgy with compact supports

For non-compact manifolds the de Rham cohomology groups are typically poorly behaved.
There are many ways to adapt the definition of the de Rham cohomology groups to this setting.
One possibility is to replace each Q% (M; R) by

Qf (M) == {w € Q" (M) | suppw is compact} .
That is instead of the de Rham complex (1.1) we consider
0— Q0 (M) -5 b (M) L .. L r (M) — 0.

Akin to (1.3), we define HY (M) to be the k™ cohomolgy group of the above complex.

Of course, if M is compact, we trivially have H* (M) = H} (M), however for non-compact
manifolds H* (M) # HY (M) in general. For example, one can show that H}' (R") = R, see
[BT82, Cor.4.7.1].

The only property which will be of concern for us is the following. If M" is oriented, the
integration

/:QS(M)—HR

is well-defined and yields an isomorphism H{ (M) = R [BT82, Cor. 5.8].

3.5 Basics of K-theory

Let N be a semiring, that is /V is endowed with addition and multiplication just like a ring,
however additive inverse of an element n € /N does not need to exist.

Example 3.35. The set of natural numbers N is a semiring.

Any semiring N can be canonically enlarged’ to a ring as follows. Denote
K (N) = {n—m|nmeN}/~,

where the difference n — m is understood formally, and

/

n—m=n —m = Jk € Nsuchthatn +m' +k=n'"+m + k.

Then K (N) is a ring, since the additive inverse of n — m exists and equals m — n.
Example 3.36. K (N) = Z.

Let M be a compact manifold. Then the set of isomorphism classes of (complex) vector
bundles over M is a semiring with respect to &6 and ® operations. Hence, we can construct a
ring K (M), which consists of (classes of) formal diferences £ — F. By setting

ch(E —F):=ch(F)—ch(F)

we obtain by Proposition 3.29 that ch: K (M) — H*® (M) is a well-defined homomorphism
of rings.

If M is non-compact, one has to modify the above construction slightly so that the resulting
ring behaves nicely. Thus, for a non-compact M roughly speaking the ring K (M) consists of
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classes of formal differences £/ — F' such that £ and F’ are isomorphic on the complement of a
compact subset A C M. By the proof of Theorem 3.27, there exist connections V¥ and V¥ on
E and F respectively such that Fye = Fyr on M\ A. Hence, ¢; (E) and ¢; (F') are represented
by 2j-forms, which agree on M\ A so that ch (£ — F) € H§ (M).

The upshot of this section is that it is legitimate to consider formal differences of vector
bundles and if £ and F' are isomorphic away from a compact subset of M, then ch (E - F)
takes values in the compactly supported cohomology ring of M.

Let me note in passing that the ring & (/) is an important invariant of the underlying space
M. This invariant has been extensively studied, however this goes beyond the scope of these
lecture notes.

3.6 The symbol of an elliptic operator revisited

Let us consider first the following construction of vector bundles on the spheres. Denote
St o= {(zo,...zy) € S"| £, >0}

so that S% N S™ = S™! is the equator. Given a (smooth) map g: S" ' — GL, (C), we can
construct a complex vector bundle £ of rank a on S™ as follows. Declare E to be

(ST x CY) U (8" x C)\ ~, (3.37)

where (z,v) ~ (z,g(z)v) if and only if 2 € S™'. This is usually called the clutching
construction, which yields all complex vector bundles on S™ up to an isomorphism.

Furthermore, pick ¢ € Smb; (E; F) and a point m € M. We can do the following
parameterized version of the clutching construction. Denote first by 7% M the one-point
compactification of 7% M = R" so that T* M+ = S™. We can think of 7, M " as the union of
the "hemispheres"

S,={ccT,M||g <1} and S ={¢eT,MI[g>1}U{oc}

so that S NS~ = {|¢{| = 1} C T} M. Therefore, we can construct the bundle 3,,, by attaching
S X E,, to St x F,, by means of ¢. To be more precise,

S = (S, X En) U (S x Ey))/ ~, where  (£,0) ~ (&, 0(m,&)v)

provided |{] = 1. As m varies over M, we obtain a complex vector bundle > over S"M,
where S™ M is a fibered space arising as pointwise one-point compactifications of the fibers of
T*M. Sometimes this vector bundle ¥ is referred to as the symbol of L € Diff; (E; F') provided
o=o(L).

In any case, > — 7* F' can be viewed as an element of & (S™M ). It will be more convenient
for us to view ¥ — 7*F' as an element of K (7*M). This makes sense, since ¥ and 7* F are
isomorphic on the complement of the set {|¢| < 1}, which is compact. Therefore, the class
ch (X — F) € Hy (T*M) is well defined.

With these preparations at hand, we can state the index theorem.

Theorem 3.38 (Atiyah-Singer). Let M be a smooth closed oriented manifold of dimension n.
Let L € Diff; (E; F') be an elliptic differential operator. Let Y. be a vector bundle associated
with o, (L) as above. Then

ind L = (—1)"/ ch(X—-m"F)urtd(TM @ C). (3.39)
“M
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Remark 3.40.
1) For any class w = Y w; € Hy (M;R), where w; € H} (M;R), by definition we have

Juw = [y @n.
2) A priori it is by no means clear that the right hand side of (3.39) is an integer (though one
can show that this is a rational number by purely topoligical means).

3) The right hand side of (3.39) can be expressed as an integral over M rather than 7M.
Most frequently one finds the Atiyah-Singer theorem in the literature in the form with the
integration over M.

3.7 An application: The Riemann-Roch formula

Let £F — X be a complex vector bundle over a Riemann surface ..

Definition 3.41. A holomorphic structure on F is an open covering U = {U,} of ¥ with the
following properties:

e F admits a trivialization e* over each U,;

* Oneach U,s = U,NUg the corresponding transition maps ¢,s: Uass — GL, (C) defined

by ef = € - g, are holomorphic.

If £ is a holomorphic vector bundle, that is a complex vector bundle equipped with a
holomorphic structure, we can define the Dolbeault operator 0: Q° (E) — Q%! (E) by the
following rule: If s = e* - o, over Uy, then 0s := e® - Jo,. In other words, we declare each
e} to be a local holomorphic section of £ over U,. The reader will have no difficulties to check
that 0 is well-defined. Moreover, 0 is elliptic just like the Dolbeault operator considered in
Section 2.5.1.

Clearly H° (E) := Ker 0 is the space of global holomorphic sections. Denote also H' (E) :=
Coker 0. If ¥ is closed, the Atiyah-Singer index theorem yields an expression for

indd = dim H° (E) — dim H' (E)

in terms of characteristic classes of . Since X is one-dimensional, the only relevant class is
¢ (E). A computation shows that

dim H° (E) — dim H' (E) = a(1 _g)+/261 (E),

where a = rk E and g is the genus of ¥. This is the celebrated Riemann-Roch formula. In
particular, if

[a®>6-1a

then £ admits a non-trivial holomorphic section.
For example, for E = T*% 2 (T*2)"" we have

/cl(T*E):2g—2
by
so that the Riemann-Roch formula yields
dim H° (T*Y) —dim H' (T*Y) =1—-g+29—-2=g— 1.

Hence, a compact Riemann surface admits a non-trivial holomorphic (1,0) — form provided
g(X)>1.
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